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Point-pushing in 3–manifolds
Jessica E. Banks
Abstract
We study the Birman exact sequence for compact 3–manifolds.
1 Introduction
The mapping class group Mod(M) of a manifold M is the group of equivalence
classes of self-homeomorphisms of M . A number of related definitions can be
made by varying the type of self-homeomorphism considered and the equivalence
relation used (see [9] Section 2.1, for example).
In [4], Birman gave a relationship (now known as the ‘Birman exact se-
quence’) between the mapping class group of a manifold M and that of the
same manifold with a finite number of points removed, focusing particularly on
the case that M is a surface. When only one puncture is added, the result is as
follows (definitions are given below).
Theorem 1.1 ([9] Theorem 4.6; see also [4] Theorem 1 and Corollary 1.3, and
[5] Theorem 4.2). Let M be a compact, orientable surface with χ(M) < 0. Then
there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
The aim of this paper is to study this exact sequence for compact 3–manifolds.
Our main results are as follows.
Theorem 7.2. If M is a compact, connected 3–manifold then there is a finitely
generated group K, a finite group J and a group L ≤ Z3 such that there are
exact sequences
1→ L→ K → J → 1
and
1→ K → pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Corollary 7.5. Suppose M is a compact, orientable 3–manifold. Then either
there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1
or M is prime and Seifert fibred. In particular, if M is hyperbolic with finite
volume then the exact sequence holds.
Throughout we work in the piecewise linear category. Although Birman
worked with homeomorphisms up to homotopy, we will consider them up to
isotopy. For surfaces, the following result of Epstein (extending work of Baer)
shows that these two equivalence relations are the same for our purposes. That
this is not true in general for 3–manifolds is shown in [11].
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Theorem 1.2 ([8] Theorem 6.3). Let M be a compact, connected surface, and
let p ∈ int(M). Let ψ : (M,∂M) → (M,∂M) be a homeomorphism such that
there exists a homotopy H : (M × [0, 1], ∂M × [0, 1], p × [0, 1]) → (M,∂M, p)
from ψ to the identity. Then there is an isotopy H ′ : (M × [0, 1], ∂M× [0, 1], p×
[0, 1])→ (M,∂M, p) from ψ to the identity.
Since the mapping class group has been well-studied, much of this material
is well-known. The intention is that this paper should be, on the whole, fairly
self-contained. In Sections 2 and 3 we give a number of basic results that will be
needed for later proofs. In Section 4 we draw these together to give the Birman
exact sequence in the case of homeomorphisms that keep ∂M fixed. We then
seek to gain control of isotopies that may move ∂M , for fibred 3–manifolds in
Section 5 and for non-fibred ones in Section 6. Finally, in Section 7 we prove
Theorem 7.2 and Corollary 7.5. Along the way we give more precise results for
the exceptional cases in Corollary 7.5, as well as for non-orientable 3–manifolds.
After the first release of this paper, Allen Hatcher pointed out an alternative
approach to the proof of Theorem 7.2. Details of this can be found in [3].
I wish to thank Steven Boyer for helpful conversations, and also the anony-
mous referee who suggested this project.
2 Point-pushing in manifolds
Let M be a connected n–manifold. For the moment we will assume that n ≥ 3;
we will consider the case n = 2 in Section 5. For a point p ∈ M , write Mp =
M \ {p}. We will use this notation throughout this paper.
Definition 2.1. Given a directed path ρ : [0, 1]→ int(M) with ρ(0) = p, choose
an isotopy Hρ : (M × [0, 1], ∂M × [0, 1])→ (M,∂M) such that, for x ∈ M and
t ∈ [0, 1],
Hρ(x, 0) =x, Hρ(p, t) = ρ(t),
x ∈ ∂M ⇒ Hρ(x, t) = x.
That is, Hρ is an ambient isotopy that takes the point p once along the path
ρ, keeping the boundary of M fixed. Define a homeomorphism φρ : (M,∂M)→
(M,∂M) by φρ(x) = Hρ(x, 1) for x ∈M .
This definition is dependent on the choice of isotopy Hρ. The existence of
at least one such isotopy is given by the following result.
Lemma 2.2 ([17] Corollary 2.3). Let H : M1× [0, 1]→M2 be an isotopy, where
M1 is a point and M2 is any manifold. Suppose that H is supported on an open
set N ⊆M2. Then H can be extended to an ambient isotopy supported on N .
Our primary interest is the isotopy class of the map φρ, but at different
points we will set different conditions on the isotopies in question. We will view
φρ both as a map from M to M and as a map from Mρ(0) to Mρ(1) without
explicitly distinguishing between these.
Lemma 2.3. Let p, p′ ∈ int(M), and let ρ : [0, 1] → int(M) be a path from p
to p′. Let H,H ′ : (M × [0, 1], ∂M × [0, 1]) → (M,∂M) be isotopies beginning
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at the identity with H(p, t) = H ′(p, t) = ρ(t) for t ∈ [0, 1]. Then x 7→ H(x, 1)
is isotopic on Mp′ to x 7→ H ′(x, 1). Furthermore, if H and H ′ both fix ∂M
throughout then the isotopy between the maps can also be made to do so.
Proof. For t ∈ [0, 1] let ht : M → M be given by ht(x) = H(x, t) for x ∈ M .
Define Hˆ : (M × [0, 1], ∂M × [0, 1])→ (M,∂M) by Hˆ(x, t) = h1(h
−1
t (H
′(x, t))).
Then, for x ∈M and t ∈ [0, 1],
Hˆ(x, 0) = h1(h
−1
0 (H
′(x, 0))) = h1(x),
Hˆ(x, 1) = h1(h
−1
1 (H
′(x, 1))) = H ′(x, 1),
Hˆ(p, t) = h1(h
−1
t (H
′(p, t))) = h1(h
−1
t (ρ(t))) = h1(p) = p
′.
In addition, for t ∈ [0, 1], the map x 7→ Hˆ(x, t) is a composition of homeomor-
phisms ofM , and so is itself a homeomorphism ofM . Therefore Hˆ is an isotopy
between the maps x 7→ H(x, 1) and x 7→ H ′(x, 1) in Mp′ . Note that if H and
H ′ fix the boundary throughout then so does Hˆ .
Thus the isotopy class of φρ as a homeomorphism from Mp to Mp′ is well-
defined given the path ρ.
Corollary 2.4. Let p, p′ ∈ int(M), and let ρ : [0, 1]→ int(M) be a path from p
to p′. Then φρ is isotopic to the identity map on M by an isotopy keeping ∂M
fixed.
Corollary 2.5. Let ψ : (M,∂M) → (M,∂M) be a homeomorphism. Let p ∈
int(M) and set p′ = ψ(p). Suppose p′ 6= p. Choose a path ρ : [0, 1] → int(M)
with ρ(0) = p′ and ρ(1) = p. Then φρ ◦ ψ fixes p and is isotopic to ψ through
maps of M that keep ∂M fixed.
Remark 2.6. Let ρ : [0, 1]→ int(M) be a path, and let Hρ : (M × [0, 1], ∂M ×
[0, 1])→ (M,∂M) be an isotopy that can be used to define φρ. Let f : [0, 1]→
[0, 1] be an increasing bijection, and define ρ′ : [0, 1]→ int(M) by ρ′(t) = ρ(f(t)).
Then (x, t) 7→ Hρ(x, f(t)) is an ambient isotopy that can be used to define φρ′ .
Note that φρ(x) = Hρ(x, 1) = Hρ(x, f(1)) = Hρ′(x, 1) = φρ′ (x) for x ∈ M .
That is, re-parametrising the path ρ does not change the isotopy class of φρ on
Mp′ .
The following theorem is a specific case of the central result of [7] (see also
[22]).
Theorem 2.7. Let M ′ be a compact, connected n′–manifold for n′ ≥ 3. Let
ρ1, ρ2 : [0, 1] → int(M ′) be embeddings with ρ1(0) = ρ2(0) and ρ1(1) = ρ2(1).
Suppose that ρ1 and ρ2 are homotopic relative to their endpoints. Then there is
an ambient isotopy between them that keeps ρ1(0), ρ1(1) and ∂M
′ fixed.
Proposition 2.8. Let ρ and ρ′ be paths in int(M) with ρ(0) = ρ′(0) = p and
ρ(1) = ρ′(1) = p′. Suppose that ρ and ρ′ are both embedded, and that they are
homotopic in M relative to their endpoints. Then φρ and φρ′ are isotopic as
maps from Mp to Mp′ by an isotopy that keeps ∂M fixed.
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Proof. Theorem 2.7 gives an isotopy H : (M × [0, 1], ∂M × [0, 1]) → (M,∂M)
that fixes ∂M , such that for x ∈M and t ∈ [0, 1],
H(x, 0) = x,
H(p, t) = p, H(p′, t) = p′,
H(x, 1) ∈ ρ′ ⇔ x ∈ ρ.
By re-parametrising ρ′ if needed, we may assume ρ′(t) = H(ρ(t), 1) for t ∈ [0, 1].
Given t ∈ [0, 1], denote by ht the homeomorphism x 7→ H(x, t).
Let Hρ : (M×[0, 1], ∂M×[0, 1])→ (M,∂M) be the isotopy used to define φρ.
Define a third isotopy Hρ′ : (M × [0, 1], ∂M × [0, 1])→ (M,∂M) by Hρ′(x, t) =
h1(Hρ(h
−1
1 (x), t)). Then for x ∈M and t ∈ [0, 1],
Hρ′(x, 0) = h1(Hρ(h
−1
1 (x), 0)) = h1(h
−1
1 (x)) = x,
Hρ′ (p, t) = h1(Hρ(h
−1
1 (p), t)) = h1(Hρ(p, t)) = H(ρ(t), 1) = ρ
′(t),
x ∈ ∂M ⇒ Hρ′(x, t) = h1(Hρ(h
−1
1 (x), t)) = x.
Hence Hρ′ can be used to define φρ′ .
Define a fourth isotopy Hˆ : (M × [0, 1], ∂M× [0, 1])→ (M,∂M) by Hˆ(x, t) =
ht(φρ(h
−1
t (x))). Then for x ∈M and t ∈ [0, 1],
Hˆ(x, 0) = h0(φρ(h
−1
0 (x))) = φρ(x),
Hˆ(x, 1) = h1(Hρ(h
−1
1 (x), 1)) = Hρ′(x, 1) = φρ′ (x),
Hˆ(p, t) = ht(φρ(h
−1
t (p))) = ht(φρ(p)) = ht(p
′) = p′.
Therefore Hˆ is an isotopy between φρ and φρ′ that sends p to p
′ throughout.
Moreover, Hˆ keeps ∂M fixed.
We now extend Proposition 2.8 to all paths rather than just embedded ones.
In doing this, it is important that we are working in the piecewise linear category,
as this implies that all paths (except the constant paths) are piecewise embedded
up to re-parametrisation.
Corollary 2.9. Let ρ and ρ′ be paths in int(M) with ρ(0) = ρ′(0) = p and
ρ(1) = ρ′(1) = p′. Suppose that ρ and ρ′ are homotopic in M keeping their
endpoints fixed. Then φρ and φρ′ are isotopic as maps from Mp to Mp′ by an
isotopy that keeps ∂M fixed.
Proof. First assume that p 6= p′. We will show that there exists an embedded
path ρ′′ homotopic to ρ relative to its endpoints such that φρ is isotopic to φρ′′
through maps fixing p′ and ∂M . It will then follow that an analogous such path
exists for ρ′, and applying Proposition 2.8 to these two paths will complete the
proof.
Choose t0 = 0 < t1 < · · · < tn−1 < tn = 1 that divide ρ into a finite sequence
ρ1, . . . , ρn of embedded paths. Isotope each path ρi keeping its endpoints fixed
to a path ρi,a such that ρi,a is embedded and, away from its endpoints, is disjoint
from ρ and from ρj,a for j 6= i. Figure 1 shows a schematic picture of this in
the case n = 3, with the path ρ taking the form σ · σ−1 · σ for an embedded arc
σ. Let ρa be the path ρ1,a · ρ2,a · · · ρn,a. By Proposition 2.8, φρ1 is isotopic to
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φρ1,a in Mρ(t1), and φρa = φρn,a ◦ · · · ◦ φρ1,a is isotopic to φρn ◦ · · · ◦ φρ1 = φρ in
Mρ(tn) =Mp′ . All these isotopies also fix ∂M .
Now, for 1 ≤ i ≤ n, let ti,a =
1
2 (ti−1 + ti). Then ρa(t1,a), . . . , ρa(tn,a) are
distinct from each other and from p and p′. Together with t0 and tn, these
values of t divide ρa into paths ρ0,b, ρ1,b, . . . , ρn,b, each of which is embedded.
Isotope each path ρi,b keeping its endpoints fixed to a path ρi,c so that the path
ρc = ρ0,c · · · ρn,c is embedded (again, see Figure 1). Then, again by Proposition
2.8, φρc is isotopic to φρa in Mp′ , and so is also isotopic to φρ. Thus ρc is the
path ρ′′ required.
ρ1,c
p′ = ρ(t1) = ρ(t3)
p = ρ(t0) = ρ(t2)
ρ2,c
ρ0,b
ρ3,b
ρ1,a
ρ3,a ρ1
ρ2
ρ3 ρ2,a
ρa(t1,a) ρa(t2,a)ρa(t3,a)
Figure 1
Now suppose that p = p′. Choose an embedded path σ from p to a distinct
point p′′. Then the paths ρ · σ and ρ′ · σ are piecewise embedded and are
homotopic keeping their endpoints fixed. Thus φρ·σ is isotopic to φρ′·σ in Mp′′ .
Accordingly, φ−1σ ◦ φρ·σ and φ
−1
σ ◦ φρ′·σ are isotopic in Mp′ . This completes the
proof, since [φσ−1 (φρ·σ)] = [φ
−1
σ (φσ(φρ))] = [φρ] and similarly [φσ−1 (φρ′·σ)] =
[φρ′ ].
Remark 2.10. Although the constant path t 7→ p is not piecewise embedded,
the proof of Corollary 2.9 also holds in this case. For convenience, we will treat
the constant path as a simple closed curve. The reader may, if they prefer,
replace this with an embedded loop within a neighbourhood of p.
Corollary 2.11. Let p ∈ int(M) and let ρ be a loop in int(M) based at p. Then
there exists a simple closed curve ρ′ in int(M) based at p such that φρ and φρ′
are isotopic maps of Mp.
Lemma 2.12 ([17] Addendum 2.2). Let M ′ be a manifold with compact bound-
ary, and let N (∂M ′) be a neighbourhood of ∂M ′. Then any isotopy of ∂M ′ can
be extended to an ambient isotopy supported on N (∂M ′).
Lemma 2.13. Let ψ : (M,∂M) → (M,∂M) be a homeomorphism that is iso-
topic to the identity onM . Then there exists a homeomorphism ψ′ : (M,∂M)→
(M,∂M) that is isotopic to the identity on M by an isotopy that keeps ∂M fixed,
such that ψ′ is isotopic to ψ by an isotopy that keeps p fixed.
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Proof. Let H : (M × [0, 1], ∂M × [0, 1]) → (M,∂M) be the isotopy from the
identity to ψ. Choose a neighbourhood N (∂M) of ∂M that does not contain
p. By Lemma 2.12, the restriction of H to ∂M extends to an ambient isotopy
H ′ : (M × [0, 1], ∂M × [0, 1]) → (M,∂M) that is supported on N (∂M). For
t ∈ [0, 1], denote by h′t the map x 7→ H
′(x, t).
Let ψ′ = (h′1)
−1 ◦ ψ. Then ψ is isotopic to ψ′ by the isotopy (x, t) 7→
(h′t)
−1(ψ(x)). Since H ′ is supported on N (∂M), this isotopy fixes p. Now
define a further isotopy Hˆ : (M × [0, 1], ∂M × [0, 1]) → (M,∂M) by Hˆ(x, t) =
(h′t)
−1(H(x, t)). Then for x ∈M and t ∈ [0, 1],
Hˆ(x, 0) = (h′0)
−1(H(x, 0)) = x,
Hˆ(x, 1) = (h′1)
−1(H(x, 1)) = (h′1)
−1(ψ(x)) = ψ′(x),
x ∈ ∂M ⇒ Hˆ(x, t) = (h′t)
−1(H ′(x, t)) = x.
Hence ψ′ is isotopic to the identity by an isotopy that fixes ∂M .
Lemma 2.14. Let p ∈ int(M), and let ψ : (M,∂M, p) → (M,∂M, p) be a
homeomorphism that is isotopic to the identity on M . Then there exists a
simple closed curve ρ in int(M) such that ψ is isotopic to φρ keeping p fixed.
Moreover, if the isotopy between ψ and the identity fixes ∂M then the isotopy
between ψ and φρ can also be made to do so.
Proof. Let H : (M × [0, 1], ∂M × [0, 1]) → (M,∂M) be the isotopy from the
identity to ψ.
If H fixes ∂M , define ρ′ : [0, 1]→ int(M) by ρ(t) = H(p, t). Then H can be
used to define φρ′ , so φρ′ = ψ. Using Corollary 2.11 we may replace ρ
′ by a
simple closed curve ρ.
IfH does not fix ∂M , by Lemma 2.13 we may first isotope ψ, keeping p fixed,
to a homeomorphism ψ′ ofMp that is isotopic to the identity by an isotopy that
fixes ∂M . Then there exists a simple closed curve ρ based at p such that ψ′ is
isotopic to φρ keeping p fixed.
3 Altering isotopies
The main purpose of this section is to prove Lemma 3.5, which under certain
conditions gives control over the boundary of a surface being isotoped within a
3–manifold. We will not make use of this lemma until Section 6, but we include
the proof here as it is closer in style to those of Section 2.
Theorem 3.1 ([8] Theorem 5.2 (The Alexander Trick)). Let M ′ be an m–ball
for some m ∈ Z≥0, and let p′ ∈ int(M ′). Let ψ : (M ′, p′) → (M ′, p′) be a
homeomorphism that restricts to the identity on ∂M ′. Then ψ is isotopic to the
identity on M ′ by an isotopy that keeps ∂M ′ and p′ fixed.
Theorem 3.2 ([8] Theorem 5.3). Let M ′ be an m–sphere for some m ∈ Z≥0,
and let p′ ∈M ′. Let ψ : (M ′, p)→ (M ′, p) be an orientation-preserving homeo-
morphism. Then ψ is isotopic to the identity on M ′ by an isotopy that keeps p′
fixed.
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Theorem 3.3 ([8] Theorem 3.1). Let M ′ be a compact surface, and let ρ1 and
ρ2 be arcs properly embedded in M
′ that are homotopic in M ′ keeping their
endpoints fixed. Then ρ1 and ρ2 are isotopic by an ambient isotopy that keeps
∂M ′ fixed.
Lemma 3.4. LetM ′ = S1×[0, 1] be an annulus, and ψ : (M ′, ∂M ′)→ (M ′, ∂M ′)
a homeomorphism with ψ(x, 0) = (x, 0) for x ∈ S1. Then there is an isotopy
H : (M ′ × [0, 1], ∂M ′ × [0, 1]) → (M ′, ∂M ′) from ψ to the identity on M ′ with
H(x, 0, t) = (x, 0) for x ∈ S1 and t ∈ [0, 1].
Proof. Let X = R/ ∼, where x ∼ x+m for x ∈ R and m ∈ Z, so that X ∼= S1.
Then M ′ ∼= X × [0, 1]. Let M˜ ′ = R× [0, 1], so that M˜ ′ is the universal cover of
M ′, and let piR : M˜
′ → R be projection onto the first factor.
Let ρ0 : [0, 1] → M ′ be the arc in M ′ given by ρ0(t) = (0, t) for t ∈ [0, 1].
The homeomorphism ψ maps ρ0 to an arc ρ1 : [0, 1] → M ′ with ρ1(0) = ρ0(0).
Let ρ˜1 : [0, 1] → M˜ ′ be the lift of ρ1 beginning at (0, 0). Let y ∈ R such that
ρ˜1(1) = (y, 1). Define HR : R×{1}× [0, 1]→ R×{1} by HR(x, 1, t) = (x−yt, 1)
for x ∈ R and t ∈ [0, 1]. This descends to an isotopy ofX×{1} ⊆M ′. By Lemma
2.12, this extends to an isotopy H1 : (M
′× [0, 1], ∂M ′× [0, 1])→ (M ′, ∂M ′) that
keeps X × {0} fixed.
Let ρ2 : [0, 1]→M
′ be the arc ρ2(t) = H1(ρ1(t), 1), which is the image of ρ1
under the isotopy H1, and let ρ˜2 : [0, 1]→ M˜ ′ be the lift of ρ2 beginning at ρ2.
As piR(ρ˜2(1)) = 0, the loop ρ2 · ρ
−1
0 is null-homotopic in M
′, meaning the arcs
ρ0 and ρ2 are homotopic keeping their endpoints fixed.
Now consider the circle X × {1}. The map (x, 1) 7→ H1(ψ(x, 1), 1) is an
orientation-preserving homeomorphism that takes (0, 1) to itself. By Theorem
3.2, this map is isotopic to the identity map on X × {1} by an isotopy keeping
(0, 1) fixed. Lemma 2.12 shows that this isotopy can be achieved by an ambient
isotopy of M ′ that also keeps X × {0} fixed.
Although the arc ρ2 may move under this isotopy, ρ0 and ρ2 are still isotopic
relative to their endpoints, so by Theorem 3.3 there is an ambient isotopy of
M ′, fixed on ∂M ′, after which ρ2 coincides with ρ0. We now have that X ×
{0, 1} ∪ {0} × [0, 1] is mapped by the identity. The complement of this set in
M ′ is an open disc. By Theorem 3.1, there is therefore a final isotopy, fixed on
X × {0, 1} ∪ {0} × [0, 1], to the identity.
Lemma 3.5. Suppose that M is a 3–manifold and let S be a toral boundary
component of M . Let R ⊆ M be a properly embedded surface. Suppose that
every loop in R ∩ S is essential in S. Then R ∩ S consists of finitely many
parallel simple closed curves.
Choose an essential simple closed curve σ on S, based at a point p′ on S,
that is parallel to the curves of R∩S if any exist. Define θ : pi1(S, p′)→ Z to be
the algebraic intersection with σ, and let G = ker(θ). Let (S˜, p˜′) be the infinite
cyclic cover of (S, p′) with pi1(S˜, p˜
′) ∼= G.
Let H : (M × [0, 1], ∂M × [0, 1])→ (M,∂M) be an isotopy from the identity
to a homeomorphism ψ : (M,∂M) → (M,∂M) where ψ(R ∩ S) = R ∩ S. Let
HS : S × [0, 1]→ S and ψS : S → S be the restrictions of H and ψ respectively
to S. Then HS lifts to an isotopy H˜S : S˜ × [0, 1]→ S˜ from the identity on S˜ to
a lift ψ˜S : S˜ → S˜ of ψ. Let R˜S be a lift of R ∩ S to S˜.
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Suppose that ψ˜S(R˜S) = R˜S . Then there is an isotopy H
′ : (M × [0, 1], ∂M ×
[0, 1])→ (M,∂M) from the identity on M to ψ such that H ′(R ∩ S, t) = R ∩ S
for t ∈ [0, 1].
Proof. If R∩S = ∅ then the result is trivial. We will therefore assume otherwise.
Choose a product neighbourhood N (S) = S× [0, 2] of S inM , with S = S×
{0}. We may choose the product structure such that R∩N (S) = (R∩S)× [0, 1].
We will define H ′ as a concatenation of three isotopies H1, H2 and H3, where
H2 and H3 are supported in N (S).
For t ∈ [0, 1], define a bijection ft : M →M \ (S × [0, t)) by, for x ∈M ,
ft(x) =

x x ∈M \ N (S),
(y, s) x = (y, s) ∈ S × [0, 2], 2t ≤ s,
(y, s+2t2 ) x = (y, s) ∈ S × [0, 2], s < 2t.
That is, ft takes S × [0, 2] to S × [t, 2]. For y ∈ S, ft(y, 2) = (y, 2), so ft is
continuous. Next define H1 : (M × [0, 1], ∂M × [0, 1])→ (M,∂M) by, for x ∈M
and t ∈ [0, 1],
H1(x, t) =

f1(H(f
−1
1 (x), t)) x ∈M \ (S × [0, 1)),
(HS(y, s), s) x = (y, s) ∈ S × [0, 1), s ≤ t,
(HS(y, t), s) x = (y, s) ∈ S × [0, 1), t < s.
For y ∈ S and t ∈ [0, 1],
H1((y, 1), t)) = f1(H(f
−1
1 (y, 1), t)) = f1(H((y, 0), t))
= f1(HS(y, t), 0) = (HS(y, t), 1),
so H1 is continuous. Now x 7→ H1(x, 1) coincides with ψ on M \ N (S) and
acts as a homeomorphism on S × {1}. Note also that, for t ∈ [0, 1], the map
x 7→ H1(x, t) restricts to the identity on S.
Define ψ∂ : S × [0, 1] → S × [0, 1] by ψ∂(y, s) = (ψS(y), s) for y ∈ S and
s ∈ [0, 1]. We will define H2 so that it is supported on S × [0, 1] (and therefore
keeps S × {1} fixed) and such that H2(x, 1) = ψ∂(x) for x ∈ S × [0, 1].
Finally, define H3 : (M × [0, 1], ∂M × [0, 1]) → (M,∂M) by, for x ∈ M and
t ∈ [0, 1],
H3(x, t) = f
−1
t (H2(ft(x), 1)).
For t ∈ [0, 1], the condition that H2(x, 1) = ψ∂(x) for x ∈ S× [0, 1] ensures that
x 7→ H2(x, 1) is a homeomorphism ofM\(S×[0, t)), and so the map x 7→ H3(x, t)
is a homeomorphism of M . Therefore H3 is an isotopy. In addition, for each
t ∈ [0, 1], for x ∈M ,
H3(x, t) ∈ R ∩ S ⇔ f
−1
t (H2(ft(x), 1)) ∈ R ∩ S
⇔ H2(ft(x), 1) ∈ ft(R ∩ S) ⊆ S × [0, 1]
⇔ ψ∂(ft(x)) ∈ (R ∩ S)× {t}
⇔ x = (y, s) ∈ S × [0, 1], ψS(y) ∈ R ∩ S,((
2t ≤ s and s = t
)
or
(
t < s and
s+ 2t
2
= t
))
⇔ x = (y, s) ∈ S × [0, 1], y ∈ R ∩ S, s = 0
⇔ x ∈ R ∩ S.
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Lastly, for x ∈ M , f1(x) ∈ M \ (S × [0, 1)) so H3(x, 1) = f
−1
1 (H2(f1(x), 1)) =
f−11 (H1(f1(x), 1)) = H(x, 1) = ψ(x).
We now return to defining the isotopy H2. Since it will be supported on
S × [0, 1], we will only give the definition there.
We may assume that p′ ∈ R and σ runs once around the component of R∩S
containing p′. Choose an essential simple closed curve σ′ on S, based at p′,
that crosses each curve of R ∩ S exactly once. Express S as ([0, 1]× [0, 1])/∼S,
where (0, t) ∼S (1, t) and (t, 0) ∼S (t, 1) for t ∈ [0, 1], such that σ(t) = (t, 0) and
σ′(t) = (0, t) for t ∈ [0, 1], and moreover R ∩ S = [0, 1]× (R ∩ σ′). Lifting this
product structure, express S˜ as ([0, 1]×R)/∼
S˜
, where (0, t) ∼
S˜
(1, t) for t ∈ R.
Let σ˜ be the lift of σ in R˜S beginning at p˜
′. We may assume that p˜′ =
σ˜(0) = (0, 0), and hence also that σ˜(t) = (t, 0) for t ∈ [0, 1]. Each component
of R˜S is separating in S˜. Therefore, the isotopy H˜S cannot change the order in
which these components lie in S˜ ∼= S1 × R. Since ψ˜S(R˜S) = R˜S , this implies
that, considered as a set, ψ˜S(σ˜) = σ˜.
Let Tσ be the annulus σ × [0, 1] in S × [0, 1], and Tσ′ the annulus σ
′ × [0, 1].
Let ρ be the arc of Tσ ∩ Tσ′ , which is given by ρ(t) = (p′, t). We will use Tσ
and Tσ′ to guide the definition of the isotopy H2, using standard 3–manifold
techniques. However, care is needed in this case as the purpose of Lemma 3.5 is
to control the isotopy on S× [0, 1]. First isotope Tσ, Tσ′ and ρ using the isotopy
H1.
Let ρ˜ be the lift of ρ to S˜ × [0, 1] beginning at (0, 0, 0), which is given by
ρ˜(t) = (ψ˜S(p
′), t). Let piR : S˜ × [0, 1] → R be projection onto the second factor
of S˜ = ([0, 1]× R)/∼
S˜
.
Define a map g : [0, 1]× [0, 1]→ R by considering [0, 1]× [0, 1] as a cone over
the point (12 ,
1
2 ) and specifying that, for s, t ∈ [0, 1],
g(s, 0) = 0, g(s, 1) = piR(ρ˜(s)),
g(0, t) = 0, g(1, t) = 0,
g
(1
2
,
1
2
)
= 0.
Define an isotopy H˜ρ : S˜ × [0, 1] × [0, 1] → S˜ × [0, 1] by H˜ρ(x, y, s, t) = (x, y −
g(s, t), s). Then H˜ρ descends to an isotopy Hρ : S × [0, 1]× [0, 1] → S × [0, 1].
As g(0, t) = g(1, t) = 0, the map (x, y, s) 7→ Hρ(x, y, s, t) acts as the identity on
S × {0, 1} for t ∈ [0, 1].
For s ∈ [0, 1], H˜ρ(ρ˜(s), 1) lies on {(x, 0, t) : x, t ∈ [0, 1]} = σ˜ × [0, 1] ⊆
S˜ × [0, 1]. This means that, by the end of the isotopy Hρ, the arc ρ ⊆ Tσ has
been carried to a simple arc within σ × [0, 1] ⊆ S × [0, 1] connecting the two
components of ∂(σ× [0, 1]). In addition, ∂Tσ = ∂(σ× [0, 1]). By [16] Chapter IV
Lemma 4.6, there is an ambient isotopy fixed on ∂(S× [0, 1])∪ρ putting Tσ into
general position with respect to σ× [0, 1]. Since S× [0, 1] is irreducible and Tσ is
incompressible in S× [0, 1], there is an ambient isotopy, fixed on ∂(S× [0, 1])∪ρ,
that makes Tσ coincide with σ × [0, 1].
By Lemma 3.4, there is an isotopy of Tσ, fixed on σ × {1}, after which
σ× [0, 1] is mapped by ψ∂ . Using Lemma 2.12, the restriction of this isotopy to
σ×{0} can be extended to one on S×{0} that is fixed on (R∩S)\σ, and then
the resulting isotopy of Tσ ∪ (S×{0, 1}) (acting by the identity on S×{1}) can
be extended to an ambient isotopy in S × [0, 1].
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We now turn our attention to the second annulus Tσ′ . This intersects Tσ
along the arc ψS(p
′) × [0, 1] = ψ∂({p′} × [0, 1]). The curve Tσ′ ∩ (S × {1}) is
ψS(σ
′) × {1} = ψ∂(σ
′ × {1}). The other boundary curve Tσ′ ∩ (S × {1}) is
therefore homotopic to ψS(σ
′) × {0} by a homotopy keeping (ψS(p′), 0) fixed.
Moreover, it meets each circle in R ∩ S exactly once, and these points break it
into simple arcs, each of which connects the two boundary components of the
annulus of S \R in which it lies.
The next step is to see that there is an isotopy of S, keeping σ fixed and
keeping R ∩ S invariant, that ends at ψS . Using Lemma 3.4, combined with
Lemma 2.12, on all but one of these annuli in order around ψS(σ
′) × {0}, we
can build an isotopy of S that keeps σ fixed, keeps R ∩ S invariant and ends at
the map ψS on all but one annulus of S \R. The arc across this final annulus is
homotopic, relative to its endpoints, to the remaining arc of ψS(σ
′). Applying
Theorem 3.3 and Theorem 3.1 shows that a suitable isotopy of S exists. After
extending this by the identity to Tσ ∪ (S ×{0, 1}), we may again apply Lemma
2.12 to extend this to an ambient isotopy of S × [0, 1].
We have now correctly positioned ∂Tσ′ as well as the arc ρ = Tσ ∩ Tσ′ . By
[16] Chapter IV Lemma 4.6, we may isotope Tσ′ , keeping Tσ∪ (S×{0, 1}) fixed,
to put it into general position with respect to ψS(σ
′) × [0, 1] = ψ∂(σ
′ × [0, 1]).
Since S × [0, 1] \Tσ is irreducible and Tσ′ \ ρ is incompressible in S × [0, 1] \ Tσ,
there is an ambient isotopy, fixed on Tσ ∪ (S × {0, 1}), that makes Tσ′ coincide
with ψ∂(σ
′× [0, 1]). Because Tσ′ \ρ is a disc, Theorem 3.1 again gives that there
is an isotopy of Tσ′ , keeping ∂Tσ′ ∪ ρ fixed, that ends at ψ∂ . After extending
by the identity to Tσ ∪ (S ×{0, 1}), this isotopy can be extended to an ambient
isotopy of S× [0, 1], again by Lemma 2.12. Applying Theorem 3.1 to the 3–ball
(S × [0, 1]) \ (Tσ ∪ Tσ′) gives a final isotopy to ψ∂ .
Hence we have constructed a suitable isotopy H2.
Remark 3.6. Since the isotopies H2 and H3 in the proof of Lemma 3.5 are
supported on N (S), the result can in fact be applied simultaneously to any
combination of the toral boundary components of M .
Corollary 3.7. Let M , S, R, H and ψ be as in Lemma 3.5. Then there
is an isotopy H ′′ : (M × [0, 1], ∂M) → (M,∂M) from the identity on M to a
homeomorphism ψ′ : (M,∂M) → (M,∂M) such that ψ′(R) = ψ(R) and x 7→
H ′′(x, t) restricts to the identity on S for all t ∈ [0, 1].
Proof. By Lemma 3.5, we may assume that H(R ∩ S, t) = R ∩ S for t ∈ [0, 1].
Choose a product neighbourhood N (S) = S × [0, 1] of S with S = S × {0} and
such that ψ(R) ∩ N (S) = (R ∩ S) × [0, 1]. For t ∈ [0, 1], let ht : S → S be the
homeomorphism y 7→ piS(H((y, 0), t)), where piS : S × [0, 1] → S is projection
onto the first factor.
Define H∂ : M × [0, 1]→M by, for x ∈M and t ∈ [0, 1],
H∂(x, t) =

x x ∈M \ N (S),
(h−1t−s(y), s) x = (y, s) ∈ S × [0, 1], s ≤ t,
(h−10 (y), s) x = (y, s) ∈ S × [0, 1], t < s.
Since h0 is the identity map on S, this is continuous.
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Now define H ′′ by H ′′(x, t) = H∂(H(x, t), t) for x ∈ M and t ∈ [0, 1]. For
y ∈ S and t ∈ [0, 1],
H ′′((y, 0), t) = H∂(H((y, 0), t), t) = H∂((ht(y), 0), t) = (h
−1
t (ht(y)), 0) = (y, 0),
since H(S, t) = S. Thus H ′′ keeps S fixed throughout.
Let x ∈ ψ(R). If x ∈M \ N (S) then there exists x′ ∈ R with H(x′, 1) = x.
Then ψ′(x′) = H ′′(x′, 1) = H∂(x, 1) = x, and so x ∈ ψ
′(R). On the other hand,
if x = (y, s) ∈ S× [0, 1] then x ∈ (R∩S)× [0, 1], so y ∈ R∩S. This implies that
h1−s(y) ∈ R ∩ S, and so (h1−s(y), s) ∈ ψ(R). Therefore there exists x′′ ∈ R
with H(x′′, 1) = (h1−s(y), s). Then ψ
′(x′′) = H ′′(x′′, 1) = H∂(h1−s(y), s) =
(h−11−s(h1−s(y)), s) = (y, s) = x. Again, therefore, x ∈ ψ
′(R).
Conversely, let x ∈ ψ′(R). Then there exists x′ ∈ R with H∂(H(x′, 1), 1) =
x. If H(x′, 1) ∈ M \ N (S) then x = H∂(H(x′, 1), 1) = H(x′, 1) = ψ(x′),
showing that x ∈ ψ(R). If instead ψ′(x′) = H(x′, 1) = (y′, s′) ∈ S × [0, 1] then
(y′, s′) ∈ ψ(R) = (R ∩ S) × [0, 1], so y′ ∈ R ∩ S. Thus h1−s′(y
′) ∈ R ∩ S,
and (h1−s′(y
′), s′) ∈ ψ(R). Accordingly, there exists x′′ ∈ R with ψ(x′′) =
(h1−s′(y
′), s′). Hence x = H∂(H(x
′, 1), 1) = H∂((y
′, s′), 1) = (h1−s′(y
′), s′) =
ψ(x′′), and so x ∈ ψ(R).
Therefore ψ′(R) = ψ(R).
4 Exact sequences
Fix a point p ∈ int(M).
Definition 4.1. For a manifold M ′, we define the following notation. Let
Homeo(M ′) denote the group of homeomorphisms from M ′ to M ′, and let
Homeo0(M
′) be the subgroup of maps isotopic to the identity on M ′. Denote
by Homeo∂(M
′) the subgroup consisting of those maps that are the identity
on ∂M ′, and by Homeo0,∂(M
′) those maps that are isotopic to the identity
by an isotopy that is fixed on ∂M . Set Mod(M ′) = Homeo(M ′)/Homeo0(M
′)
and Mod∂(M
′) = Homeo∂(M
′)/Homeo0,∂(M
′). That is, Mod(M ′) is the group
of isotopy classes of homeomorphisms from M ′ to itself, whereas Mod∂(M
′)
is made up of homeomorphisms fixing the boundary up to isotopy fixing the
boundary.
If M ′ is orientable, define Homeo+(M ′), Homeo+0 (M
′), Homeo+∂ (M
′) and
Homeo+0,∂(M
′) to be the analogous groups where all maps are required to be
orientation-preserving, as well as Mod+(M ′) and Mod+∂ (M
′).
Remark 4.2. Other similar groups could be defined, for example by considering
maps that keep only some of the boundary components of M ′ fixed. Several of
the results below would also hold in such cases, but we will not discuss them
explicitly.
Proposition 4.3. There is an exact sequence of groups
pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
The same is true if Mod is replaced by Mod∂ , or by either Mod
+ or Mod+∂ if
M is orientable.
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Proof. The first map Φ: pi1(M,p) → Mod(Mp) is given by Φ(g) = [φρ], where
ρ is any simple closed curve in int(M) based at p with [ρ] = g. By Lemma 2.3,
[φρ] is a well-defined element of Mod(Mp) given ρ. Corollary 2.9 shows that the
choice of simple closed curve ρ representing g does not affect [φρ]. Thus the
map Φ is well-defined.
The second map Ψ: Mod(Mp) → Mod(M) is given by ‘filling in’ the point
p, taking [φρ] viewed as maps of Mp to [φρ] viewed as maps of M . Note that
this is not necessarily an isomorphism. The isotopies used to define Mod(M)
may move p, whereas those used to define Mod(Mp) may not.
Corollary 2.5 shows that Ψ is surjective, and hence the sequence is exact at
Mod(M). By Corollary 2.4, im(Φ) ⊆ ker(Ψ). On the other hand, Lemma 2.14
gives that ker(Ψ) ⊆ im(Φ). Thus the sequence is also exact at Mod(Mp).
Corollary 4.4. Suppose that M is orientable and K ≤ pi1(M,p). There is an
exact sequence
1→ K → pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1
if and only if there is an exact sequence
1→ K → pi1(M,p)→ Mod
+(Mp)→ Mod
+(M)→ 1.
Similarly, there is an exact sequence
1→ K → pi1(M,p)→ Mod∂(Mp)→ Mod∂(M)→ 1
if and only if there is an exact sequence
1→ K → pi1(M,p)→ Mod
+
∂ (Mp)→ Mod
+
∂ (M)→ 1.
Proof. For each of these four sequences, the sequence is exact if and only if
K ∼= ker(Φ), where Φ is as given in the proof of Proposition 4.3. The definition of
Φ is dependent on which sequence is being considered. However, the definition of
ker(Φ) is the same when considering Mod as when considering Mod+. Similarly,
the definition of ker(Φ) is the same when considering Mod∂ as when considering
Mod+∂ .
Remark 4.5. We will denote by ΦM the map Φ given in the proof of Proposition
4.3, unless the choice of manifold M is clear, in which case we will denote the
map by Φ.
Our primary concern for most of the rest of this paper is to understand
ker(ΦM ) for different manifolds M , particularly 3–manifolds. If ker(ΦM ) ∼= 1
then the Birman exact sequence holds for M .
Lemma 4.6. Assume ∂M 6= ∅, and fix p′ ∈ ∂M . Let ρ be a simple closed curve
in int(M) based at p. Suppose that φρ is isotopic to the identity on M by an
isotopy that keeps p fixed and takes p′ around a loop that is null-homotopic in
∂M . Then ρ is null-homotopic in M . In particular, ρ is null-homotopic if the
isotopy fixes ∂M .
Proof. Let H : (M × [0, 1], ∂M × [0, 1], p× [0, 1]) → (M,∂M, p) be the isotopy
from φρ to the identity, and define ρ
′ : [0, 1] → ∂M by ρ′(t) = H(p′, t). By
hypothesis, ρ′ is null-homotopic in ∂M .
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Let σ be an embedded path from p′ to p. Then φρ(σ) is an embedded
path from p′ to p that is homotopic relative to its endpoints to σ · ρ. Now H
shows that, relative to its endpoints, the path (ρ′)−1 · φρ(σ) is homotopic to σ.
Therefore,
ρ ≃ σ−1 · σ · ρ ≃ σ−1 · φρ(σ) ≃ σ
−1 · ρ′ · (ρ′)−1 · φρ(σ) ≃ σ
−1 · ρ′ · σ ≃ σ−1 · σ.
Therefore ρ is null-homotopic.
Corollary 4.7. If ∂M 6= ∅ then there is an exact sequence
1→ pi1(M,p)→ Mod∂(Mp)→ Mod∂(M)→ 1.
Proof. Given Proposition 4.3, it remains only to check that Φ is injective.
Lemma 4.6 shows that ker(Φ) ∼= 1.
Remark 4.8. In Definition 2.1, we required that the isotopy used to define φρ
keeps ∂M fixed. From now only we will only be concerned with studying Mod.
In this case, Lemma 2.13 shows that we may drop this condition from Definition
2.1.
5 Surfaces and fibred 3–manifolds
Many of the ideas used up to this point also apply for surfaces, except that in
this case we cannot require the closed curves we consider to be simple. We must
also remove the dependence on Theorem 2.7, which is used to show that if ρ
and ρ′ are homotopic curves then φρ and φρ′ lie in the same isotopy class, or
equivalently that φ−1ρ′ ◦ φρ is isotopic to the identity fixing p. We prove this for
surfaces using the following results.
Lemma 5.1. Suppose M is a surface. Let ρ, ρ′ : [0, 1] → int(M) be paths with
ρ(0) = ρ′(0) = ρ(1) = ρ′(1) = p. Suppose there exists a homotopy H : [0, 1] ×
[0, 1] → int(M) from ρ to ρ′ with H(0, t) = H(1, t) = p for t ∈ [0, 1]. Then φρ
is isotopic to φρ′ by a isotopy that keeps p fixed.
Proof. Let Hρ : (M×[0, 1], ∂M×[0, 1])→ (M,∂M) be the isotopy used to define
φρ. Using Hρ and H , we will build a homotopy H
′ : (M × [0, 1], ∂M × [0, 1])→
(M,∂M) with H ′(x, 0) = x for x ∈M and H ′(p, t) = ρ′(t) for t ∈ [0, 1].
Let X be the disc in R2 whose boundary is the triangle with corners at (0, 0),
(0, 1) and (1, 12 ). Define g : [0, 1]× [0, 1]→ X by
g(s, t) =

(0, t) t ∈ {0, 1},
(2st, t) t ≤ 12 ,
(2s(1− t), t) t > 12 .
Choose a triangulation of [0, 1]× [0, 1] with respect to which H is simplicial. Let
g′ : [0, 1]× [0, 1]→ X be the simplicial map where each vertex is mapped by g.
This gives a triangulation of X . Define HX : X → int(M) to be the simplicial
map that maps each vertex by H ◦(g′)−1. Note that g is injective on the vertices
except for those in [0, 1] × {0, 1}. On the other hand, H maps every point of
[0, 1]× {0, 1} to p. Therefore HX is well-defined.
13
Let Y ⊆ X be the two edges of the triangle bounding X that contain the
point (1, 12 ). Then the restriction of g
′ to {1}×[0, 1] is a level-preserving bijection
to Y . Thus, if (s, t) ∈ Y then HX(s, t) = H(1, t) = ρ
′(t).
Define an equivalence relation∼Z on [−2, 2]×[−2, 2]×[0, 1]⊔X by (0, 0, t) ∼Z
(0, t) for t ∈ [0, 1]. Let Z = ([−2, 2] × [−2, 2] × [0, 1] ⊔ X)/ ∼Z . Choose an
embedding f : [−2, 2]× [−2, 2]→ int(M) with f(0, 0) = p. Define HZ : Z →M
by, for z ∈ Z,
HZ(z) =
{
Hρ(f(a, b), t) z = (a, b, t) ∈ [−2, 2]× [−2, 2]× [0, 1],
HX(z) z ∈ X.
Note that if t ∈ [0, 1] then Hρ(f(0, 0), t) = Hρ(p, t) = ρ(t) = H(0, t) = HX(0, t),
so HZ is well-defined.
We wish to define a surjection θ : [−2, 2] × [−2, 2] × [0, 1] → Z. We first
triangulate [−2, 2] × [−2, 2] × [0, 1]. Set A = {−2, 2} × {−2, 2} × {0, 12 , 1},
B = {0}× {0}× {0, 1}, C = {0}× {0}× { 12} and D = {−1, 1}× {−1, 1}× {
1
2}.
We take the vertices to be A∪B∪C∪D. Add edges connecting both (0, 0, 0) and
(0, 0, 1) to each point of
(
{−2, 2} × {−2, 2} × { 12}
)
∪
(
{0} × {0} × { 12}
)
. Add
further edges to give a triangulation of [−2, 2]× [−2, 2]× [0, 1] without adding
any more vertices.
Now define θ as the simplicial map with, for a vertex v,
θ(v) =

v v ∈ A ∪B,
(1, 12 ) v ∈ C,
(0, 0, 12 ) v ∈ D.
Finally, define H ′ by, for x ∈M and t ∈ [0, 1],
H ′(x, t) =
{
Hρ(x, t) x /∈ im(f),
HZ(θ(f
−1(x), t)) x ∈ im(f).
For x ∈M and (a, b) ∈ ∂([−2, 2]× [−2, 2]) such that f(a, b) = x, and t ∈ [0, 1],
θ(a, b, t) = (a, b, t) and HZ(θ(a, b, t)) = HZ(a, b, t) = Hρ(f(a, b), t) = Hρ(x, t).
Therefore H ′ is continuous.
Let x ∈ M . If x /∈ im(f) then H ′(x, 0) = Hρ(x, 0) = x. On the other
hand, if x ∈ im(f) then H ′(x, 0) = HZ(θ(f−1(x), 0)) = HZ(f−1(x), 0) =
Hρ(f(f
−1(x)), 0) = x. Hence H ′ begins at the identity map.
Now let x ∈ ∂M . Then x /∈ im(f), so H ′(x, t) = Hρ(x, t) ∈ ∂M for t ∈ [0, 1].
Finally, let t ∈ [0, 1]. Then H ′(p, t) = HZ(θ(f−1(p), t)) = HZ(θ(0, 0, t)).
Because θ(0, 0, t) ∈ Y ⊆ X ⊆ Z, we see that HZ(θ(0, 0, t)) = HX(θ(0, 0, t)) =
ρ′(t).
Now H ′ could be used to define φρ′ except that it is a homotopy rather than
an isotopy. However, essentially the same proof as Lemma 2.3 shows that φρ′
is homotopic to the map x 7→ H ′(x, 1) by a homotopy keeping p fixed. Note
that, for x ∈M , if x /∈ im(f) then H ′(x, 1) = Hρ(x, 1), while if x ∈ im(f) then
H ′(x, 1) = HZ(θ(f
−1(x), 1)) = HZ(f
−1(x), 1) = Hρ(f(f
−1(x)), 1) = Hρ(x, 1).
Therefore φρ and φρ′ are homotopic keeping p fixed. By Theorem 1.2, they are
then isotopic keeping p fixed.
Birman and Chillingworth noted in [6] that mapping class groups of non-
orientable manifolds can be studied by looking at the same ideas in the orien-
tation double cover.
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Lemma 5.2. SupposeM is non-orientable, and let ρ be an orientation-reversing
loop in int(M) based at p. Then φρ is not isotopic to the identity by an isotopy
keeping p fixed.
Proof. Choose a map from [−1, 1]n to int(M) that is a homeomorphism onto its
image and sends the origin to p. For 0 ≤ δ ≤ 1, denote by Bδ the image under
this map of the n–ball [−δ, δ]n.
SupposeH : (M×[0, 1], ∂M×[0, 1], p×[0, 1])→ (M,∂M, p) is an isotopy from
φρ to the identity. Then there exists δ > 0 such that H(φρ(Bδ)× [0, 1]) ⊆ B1.
Since ρ is orientation reversing, the map φρ reverses the orientation of Bδ.
Therefore the isotopy H reverses the orientation of Bδ. This is impossible
within the orientable manifold B1. Hence φρ cannot be isotopic to the identity
in Mp.
Lemma 5.3. Let (M̂, p̂) be an m–fold cover of (M,p) with a covering map
pi : (M̂, p̂) → (M,p). Then there is a group L ≤ pi∗(ker(ΦM̂ )) such that L E
ker(ΦM ) and | ker(ΦM )/L| ≤ m.
If M̂ is a regular cover with covering group J then L E pi∗(ker(ΦM̂ )) and
ker(ΦM )/L is isomorphic to a normal subgroup of J .
Moreover, if M is non-orientable and M̂ is the orientation double cover of
M then ker(ΦM ) E pi∗(ker(ΦM̂ )).
Proof. Set G = pi∗(pi1(M̂, p̂)). Then G ≤ pi1(M,p) and |pi1(M,p) : G| = m.
Set L = G ∩ ker(ΦM ). Let ρ be a loop in int(M) based at p such that
ρ ∈ L. Then there is an isotopy Hρ : (M × [0, 1], ∂M × [0, 1]) → (M,∂M)
from the identity on M to itself that can be used to define ΦM (ρ). The loop ρ
lifts to a loop ρ̂ in int(M̂) based at p̂. Also, the isotopy Hρ lifts to an isotopy
Hρ̂ : (M̂×[0, 1], ∂M̂×[0, 1])→ (M̂, ∂M̂) beginning at the identity on M̂ that can
be used to define Φ
M̂
(ρ̂). Note that Φ
M̂
(ρ̂) therefore differs from the identity
on M̂ by a covering transformation. However, as Φ
M̂
(ρ̂) fixes p̂ this means that
it is the identity map on M̂ . Hence ρ̂ ∈ ker(Φ
M̂
). Therefore L ≤ pi∗(ker(ΦM̂ )).
Now let ρ and σ be loops in int(M) based at p such that ρ ∈ L and σ ∈
ker(ΦM ). Then σ · ρ · σ−1 ∈ ker(ΦM ).
Since σ ∈ ker(ΦM ), there is an isotopy Hσ : (M × [0, 1], ∂M × [0, 1]) →
(M,∂M) from the identity on M to itself that can be used to define ΦM (σ).
This lifts to an isotopy Ĥσ : (M̂ × [0, 1], ∂M̂ × [0, 1]) → (M,∂M) from the
identity on M̂ to a lift of the identity on M . Define ψ : (M̂, ∂M̂) → (M̂, ∂M̂)
by ψ(x) = Ĥσ(x, 1). Then ψ is a covering transformation of M̂ corresponding
to σ.
Let ρ̂ and σ̂ be the lifts of ρ and σ respectively to M̂ beginning at p̂, and let
p̂′ = σ̂(1) = ψ(p̂). Then the lift ρ̂′ of ρ beginning at p̂′ is given by ρ̂′(t) = ψ(ρ̂(t)).
Since ρ̂ is a closed loop in M̂ , so is ρ̂′. Therefore the lift of σ ·ρ ·σ−1 beginning at
p̂ is σ̂ · ρ̂′ ·σ̂−1. This is a closed loop in M̂ , so σ ·ρ ·σ−1 ∈ G. Hence L E ker(ΦM ).
Define a map of sets θ : ker(ΦM )/L → pi1(M,p)/G by θ(ρL) = ρG for
ρ ∈ ker(ΦM ). Suppose ρ1, ρ2 ∈ ker(ΦM ) with θ(ρ1) = θ(ρ2). Then ρ1 · ρ
−1
2 ∈
G ∩ ker(ΦM ), and so ρ1L = ρ2L. Thus θ is injective and | ker(ΦM ) : L| ≤
|pi1(M,p) : G| = m.
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Now suppose that M̂ is a regular cover of M . Then G E pi1(M,p) and
pi1(M,p)/G ∼= J . Since in addition ker(ΦM ) E pi1(M,p), it follows that L E
pi1(M,p). Therefore L E pi∗(ker(ΦM̂ )).
The map θ is now a group homomorphism. Let ρ and σ be loops in int(M)
based at p such that ρ ∈ ker(ΦM ) and σ ∈ pi1(M,p). Then (σG) · θ(ρL) ·
(σG)−1 = σ ·ρ ·σ−1G. As ker(ΦM ) E pi1(M,p), we see that σ ·ρ ·σ−1 ∈ ker(ΦM )
and (σG) · θ(ρL) · (σG)−1 ∈ im(θ). Hence im(θ) E pi1(M,p)/G ∼= J .
Finally suppose that M is non-orientable and M̂ is the orientation double
cover of M . Then pi1(M,p)/G = {g1, g2}, where g1 contains all orientation-
preserving elements of pi1(M,p) and g2 contains all the orientation-reversing
elements. By Lemma 5.2, if ρ is a loop in int(M) based at p such that ρ ∈
ker(ΦM ) then ρ is orientation-preserving. Thus g2 /∈ im(θ), and ker(ΦM )/L ∼= 1.
Therefore L = ker(ΦM ).
Proposition 5.4. Let M be a compact, connected surface with χ(M) 6= 0 (that
is, M is not a torus, an annulus, a Mo¨bius band or a Klein bottle). Then there
is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. By Proposition 4.3, we only need to check that ker(ΦM ) ∼= 1. IfM is non-
orientable, its orientation double cover M̂ is a compact, connected, orientable
surface with χ(M̂) 6= 0. Lemma 5.3 therefore allows us to reduce to the case
that M is orientable.
If χ(M) > 0 then M is either a sphere or a disc. Thus pi1(M,p) ∼= 1, and
injectivity of ΦM is immediate. On the other hand, if χ(M) < 0 then injectivity
of ΦM is given by Theorem 1.1.
Lemma 5.5. Let N be a manifold, and let f, g : (N, ∂N)→ (N, ∂N) be home-
omorphisms. Set Mf = (N × [0, 1])/ ∼f and Mg = (N × [0, 1])/ ∼g, where
(x, 1) ∼f (f(x), 0) and (x, 1) ∼g (g(x), 0) for x ∈ N . If f is isotopic to g then
Mf is homeomorphic to Mg.
Proof. Let H : (N × [0, 1], ∂N × [0, 1]) → (N, ∂N) be an isotopy from f to g.
Define ψ : Mf →Mg by ψ(x, t) = (H(f−1(x), 1 − t), t) for x ∈ N and t ∈ [0, 1].
Note that ψ(f(x), 0) = (H(x, 1), 0) = (g(x), 0) ∼g (x, 1) = (H(f−1(x), 0), 1) =
ψ(x, 1) for x ∈ N , so ψ is a well-defined map from Mf to Mg. In addition, for
t ∈ [0, 1), the map x 7→ ψ(x, t) is a homeomorphism of N × {t}. Hence ψ is a
homeomorphism.
Lemma 5.6. SupposeM is a fibred manifold with base space N and monodromy
ω : (N, ∂N) → (N, ∂N). Assume p lies on N . Express M as (N × [0, 1])/∼ω,
where (x, 1) ∼ω (ω(x), 0) for x ∈ N . Define ρω : [0, 1] → M by ρω(t) = (p, t).
Then φρω is the map (x, s) 7→ (ω(x), s).
Remark 5.7. Note that here we do not really need ρω to be a closed loop, so
it is not necessary that ω(p) = p.
Proof. Define H : (M × [0, 1], ∂M × [0, 1])→ (M,∂M) by, for x ∈ N , s ∈ [0, 1)
and t ∈ [0, 1],
H(x, s, t) =
{
(x, s+ t) s+ t ≤ 1,
(ω(x), s+ t− 1) 1 < s+ t.
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Note that H(x, s, 1 − s) = (x, 1) ∼ω (ω(x), 0) and H(ω(x), 0, t) = (ω(x), t) for
x ∈ N and t ∈ [0, 1]. Therefore H is well-defined and continuous. Moreover,
H(p, 0, t) = (p, t) = ρω(t) for t ∈ [0, 1]. Therefore H can be used to define φρω .
In addition, H(x, s, 1) = (ω(x), s).
Lemma 5.8. Suppose that M is fibred with base space N and with monodromy
ω : (N, ∂N) → (N, ∂N). Express M as (N × [0, 1])/ ∼ω, where (x, 1) ∼ω
(ω(x), 0) for x ∈ N . Assume p lies on N and ω(p) = p. Define ρω : [0, 1]→M
by ρω(t) = (p, t). Let ρN : [0, 1]→M be a loop in int(N) based at p.
If ρN ∈ ker(ΦM ) then ω(ρN) is homotopic to ρN in N , keeping p fixed.
If N is a surface (so M is a 3–manifold) and ρmω · ρN ∈ ker(ΦM ) for some
m ∈ Z then φρN ◦ ω
m is isotopic to the identity on N keeping p fixed. In
particular, ωm is isotopic to the identity on N .
Proof. Let M˜ = N × R and p˜ = (p, 0). Define pi : (M˜, ∂M˜, p˜)→ (M,∂M, p) by
requiring that pi(x, s) = (x, s) and pi(x, r + s) = pi(ω(x), r − 1 + s) for x ∈ N ,
s ∈ [0, 1) and r ∈ Z. Then (M˜, p˜) is the infinite cyclic cover of (M,p). Let
piN : M˜ → N be projection onto the first factor.
First suppose that ρN ∈ ker(ΦM ). Let ρ˜N : [0, 1] → M˜ be the lift of ρ˜
beginning at p˜, and let ρ˜′N : [0, 1] → M˜ be the lift beginning at (p, 1). For
t ∈ [0, 1], ρ˜N (t) = (ρN (t), 0) and pi(ρ˜
′
N (t)) = ρN (t) = pi(ρ˜N (t)), so ρ˜
′
N (t) =
(ω−1(ρN (t)), 1). In particular, piN (ρ˜
′
N (t)) = ω
−1(ρN (t)) for t ∈ [0, 1].
As ρN ∈ ker(ΦM ), there exists an isotopy HρN : (M × [0, 1], ∂M × [0, 1])→
(M,∂M) from the identity on M to itself such that HρN (p, 0, t) = (ρN (t), 0) for
t ∈ [0, 1]. This lifts to an isotopy H˜ρN : (M˜×[0, 1], ∂M˜×[0, 1])→ (M˜, ∂M˜) from
the identity on M˜ to itself such that H˜ρN (p, 0, t) = ρ˜N (t) and H˜ρN (p, 1, t) =
ρ˜′N (t) for t ∈ [0, 1].
Define H ′ρN : [0, 1] × [0, 1] → N by H
′
ρN
(s, t) = piN (H˜ρN (p, t, s)) for s, t ∈
[0, 1]. Note that, for t ∈ [0, 1],
H ′ρN (0, t) = piN (H˜ρN (p, t, 0)) = piN (p, t) = p = piN (H˜ρN (p, t, 1)) = H
′
ρN
(1, t).
Therefore, s 7→ H ′ρN (s, t) is a loop in N based at p for t ∈ [0, 1]. Hence H
′
ρN
is
a homotopy, keeping p fixed, from ρN to the path ρ
′
N : [0, 1]→ N given by, for
s ∈ [0, 1],
ρ′N (s) = piN (H˜ρN (p, 1, s)) = piN (ρ˜
′
N (s)) = ω
−1(ρN (s)).
Now suppose instead that N is a surface and ρmω · ρN ∈ ker(ΦM ) for some
m ∈ Z. Let HN : (N×[0, 1], ∂N×[0, 1])→ (N, ∂N) be the isotopy used to define
ΦN (ρN ) on N . We may assume that HN keeps ∂N fixed throughout. Take the
isotopyHN on N×{0} together with the identity on ∂M , and extend this, using
Lemma 2.12, to an isotopy H : (M × [0, 1], ∂M × [0, 1]) → (M,∂M). Then H
can be used to define ΦM (ρN ), and the restriction of ΦM (ρN ) to N = N × {0}
is ΦN (ρN ).
Thus, by Lemma 5.6, the restriction of ΦM (ρ) = ΦM (ρ
m
ω · ρN ) to N is
φρN ◦ ω
m. Let Hρ : (M × [0, 1], ∂M × [0, 1], p × [0, 1]) → (M,∂M, p) be the
isotopy from the identity onM to ΦM (ρ
m
ω ·ρN ). This lifts to an isotopy H˜ρ : (M˜×
[0, 1], ∂M˜ × [0, 1], p˜× [0, 1])→ (M˜, ∂M˜, p˜).
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Define ĤN : (N × [0, 1], ∂N × [0, 1], p × [0, 1]) → (N, ∂N, p) by ĤN (x, t) =
piN (H˜ρ(x, t)). Then ĤN is a homotopy, keeping p fixed, from the identity on
N to φρ ◦ ωm. By Theorem 1.2, there is therefore an isotopy, keeping p fixed,
from the identity on N to φρN ◦ω
m. As φρN is isotopic to the identity on N , it
follows that ωm is isotopic to the identity on N .
Remark 5.9. Suppose that the monodromy ω : (N, ∂N) → (N, ∂N) is such
that ωm is isotopic to the identity on N for some m 6= 0. If in fact ωm is
the identity on M then Lemma 5.6 shows that ρmω ∈ ker(ΦM ). It therefore
seems natural to ask whether the monodromy may always be chosen in such
a way. That is, if ωm is isotopic to the identity for some m > 0, does there
exist a homeomorphism ω′ : N → N isotopic to ω on N such that (ω′)m is the
identity on N? The Nielsen Realisation Theorem says that this is the case in
the topological and smooth categories (see, for example, [9] Theorem 7.2, [19]
Theorem 5 and [12] Corollary 8.1), but the author does not know of a complete
proof for the piecewise linear category.
Corollary 5.10. Suppose M is a 3–manifold and is fibred with base space a
surface N and with monodromy ω : (N, ∂N) → (N, ∂N). Suppose that ωm is
not isotopic to the identity on N for any m 6= 0. If N is a torus then ker(ΦM ) E
pi1(N) ∼= Z2, and otherwise there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. We first show that if N in not a torus then χ(N) 6= 0. If χ(N) = 0
then N is a torus, an annulus, a Mo¨bius band or a Klein bottle. Suppose N
is an annulus. Then, as ω2 is orientation-preserving, [8] Theorem 5.6 says that
ω2 is isotopic to the identity on N , contrary to hypothesis. If N is a Klein
bottle, [21] Lemma 5 gives that Mod(N) ∼= Z2 × Z2, so ω2 must be isotopic to
the identity. Suppose finally that N is a Mo¨bius band. The restriction of ω2
to ∂N is orientation-preserving and so is isotopic to the identity map on ∂N ,
by Theorem 3.2. By Lemma 2.12, this isotopy can be extended to an isotopy
of N . Thus we may assume that the restriction of ω2 to ∂N is the identity.
Therefore [8] Theorem 3.4 gives that ω2 is isotopic to the identity on N . This
again contradicts the hypotheses. Hence we see that χ(N) 6= 0 unless N is a
torus.
ExpressM as (N × [0, 1])/∼ω, where (x, 1) ∼ω (ω(x), 0) for x ∈ N . We may
assume that p lies on N and that ω(p) = p. Let ρω : [0, 1]→ int(M) be the path
ρω(t) = (p, t). Then every element of pi1(M,p) can be expressed as ρ
m
ω · ρN for
some m ∈ Z and some loop ρN based at p and lying in int(N).
Choose a loop ρN in int(N) based at p and m ∈ Z such that ρmω · ρN ∈
ker(ΦM ). Lemma 5.8 implies that ω
m is isotopic to the identity on N . By
hypothesis this means that m = 0. Hence ker(ΦM ) ≤ pi1(N, p). As ker(ΦM ) E
pi1(M,p), it follows automatically that ker(ΦM ) E pi1(N, p).
Now assume N is not a torus. Again from Lemma 5.8, we see that ΦN (ρN )
is isotopic to the identity on N keeping p fixed. That is, ρN ∈ ker(ΦN ). As
χ(N) 6= 0, Proposition 5.4 shows that ρN is null-homotopic in N . Thus ρ is
null-homotopic in M . Therefore ker(ΦM ) ∼= 1.
Proposition 5.11. Suppose M is fibred with base space N and monodromy
ω : (N, ∂N)→ (N, ∂N). Suppose that ω is isotopic to the identity on N . Then
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there is an exact sequence
pi1(N, p)→ Mod(Mp)→ Mod(M)→ 1.
If N is a compact surface then there is an exact sequence
1→ ker(ΦN )→ pi1(N, p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. By Lemma 5.5, we may assume that ω is the identity, and so M ∼=
N × S1. Express M as (N × [0, 1])/∼, where (x, 0) ∼ (x, 1) for x ∈ N . Define
ρ : [0, 1] → M by ρ(t) = (p, t). Then ρ is a simple closed curve based at p, and
pi1(M,p) ∼= pi1(N, p)×〈ρ〉. By Lemma 5.6, ΦM (ρ) is the identity map. Therefore
ρ ∈ ker(ΦM ), and ΦM (pi1(M,p)) = ΦM (pi1(N, p)).
Now assume N is a surface. Let ρN be a loop in int(N) based at p such
that ρN ∈ ker(ΦM ). By Lemma 5.8, it follows that ρN ∈ ker(ΦN ). Hence
ker(ΦM ) ∩ pi1(N, p) ≤ ker(ΦN ). Note that if χ(N) 6= 0 then ker(ΦN ) ∼= 1, so
this gives an exact sequence
1→ pi1(N, p)→ Mod(Mp)→ Mod(M)→ 1.
Conversely, let ρN be a loop in int(N) based at p such that ρN ∈ ker(ΦN ).
Then there is an isotopy HN : (N × [0, 1], ∂N × [0, 1]) → (N, ∂N) from the
identity on N to itself that can be used to define ΦN (ρN ). Define HM : (M ×
[0, 1], ∂M×[0, 1])→ (M,∂M) byHM (x, s, t) = (HN (x, t), s) for x ∈ N , s ∈ [0, 1)
and t ∈ [0, 1]. Then HM is an isotopy from the identity on M to itself that can
be used to define ΦM (ρN ). Thus ρN ∈ ker(ΦM ). Hence ker(ΦM ) ∩ pi1(N, p) =
ker(ΦN ).
Corollary 5.12. If M is an annulus or a torus then there is an exact sequence
1→ Mod(Mp)→ Mod(M)→ 1.
If M is a Mo¨bius band then there is an exact sequence
1→ Z2 → Mod(Mp)→ Mod(p)→ 1.
If M is a Klein bottle then there is an exact sequence
1→ Z ⋊ Z2 → Mod(Mp)→ Mod(M)→ 1.
Proof. IfM is an annulus then it is fibred over a closed interval with monodromy
the identity.
If M is a torus then pi1(M,p) ∼= Z2. The proof of Proposition 5.11 shows
that the generators of this group are in ker(Φ).
If M is a Mo¨bius band then it is fibred with base space a closed interval and
monodromy a reflection. Let ρ be a simple closed curve in int(M) based at p
running once around the fibration. Then ρ generates pi1(M,p). By Lemma 5.6,
φρ2 acts as the identity on M . Hence ρ
2 ∈ ker(Φ). On the other hand, the loop
ρ is orientation-reversing, so by Lemma 5.2 we know that ρ /∈ ker(Φ). Thus
pi1(M,p)/ ker(Φ) ∼= Z2.
Now let M be a Klein bottle. Then M is fibred with base space a circle
and monodromy a reflection. Let ρ and σ be simple closed curves in M based
at p such that ρ runs once around the fibration and σ runs once around the
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base circle. Then every element of pi1(M,p) can be expressed as σ
s · ρr for some
r, s ∈ Z.
Suppose that σs · ρr ∈ ker(Φ). Then there is an isotopy H : M × [0, 1]→M
from the identity to itself that takes p once around ρr · σs. This shows that,
relative to its endpoints, ρ is homotopic to (σs ·ρr) ·ρ ·(ρ−r ·σ−s) ≃ σs ·ρ ·σ−s ≃
σ2s · ρ. However, in pi1(M,p) this is only true if s = 0.
On the other hand, as for a Mo¨bius band, ρ /∈ ker(Φ) but ρ2 ∈ ker(Φ).
Therefore ker(Φ) = 〈ρ2〉 ∼= Z and pi1(M,p)/ ker(Φ) ∼= Z ⋊ Z2.
Corollary 5.13. If M ∼= S2 × S1 or M is a solid torus then there is an exact
sequence
1→ Mod(Mp)→ Mod(M)→ 1.
If M ∼= S2×˜S1 or M is a solid Klein bottle then there is an exact sequence
1→ Z2 → Mod(Mp)→ Mod(M)→ 1.
Proof. If M is orientable then it is fibred over either a sphere or a disc with
monodromy the identity. In either case, Proposition 5.11 gives the desired result.
If M is non-orientable then it is fibred over either a sphere or a disc with
monodromy a reflection. Let ρ be a loop in int(M) based at p that generates
pi1(M,p) ∼= Z. By Lemma 5.2, ρ /∈ ker(Φ). On the other hand, Lemma 5.6
shows that ρ2 ∈ ker(Φ). Therefore ker(Φ) ∼= Z and pi1(M,p)/ ker(Φ) ∼= Z2.
Lemma 5.14. Let N = R2/∼, where (a, b) ∼ (a +m, b +m′) for m,m′ ∈ Z
and a, b ∈ R. Let ψ : N → N be a homeomorphism. Then there exists a
matrix A ∈ SL2(Z) such that ψ is isotopic to the map ψ′ : N → N given by
ψ′(a, b) = A(a, b) for a, b ∈ R.
Proof. By Corollary 2.5, we may assume that ψ(0, 0) = (0, 0). Then ψ induces
an isomorphism ψ∗ : pi1(N, (0, 0))→ pi1(N, (0, 0)). Since pi1(N, (0, 0)) ∼= Z2, this
isomorphism is defined by a matrix A ∈ SL2(Z). Let a1, a2, a3, a4 ∈ Z such that
A =
(
a1 a2
a3 a4
)
.
Define ψ′ using A.
Define ρ1, ρ2 : [0, 1] → N by ρ1(t) = (t, 0) and ρ2(t) = (0, t). The path
t 7→ ψ(ρ1(t)) is a simple closed curve in N based at p, and is homotopic, keeping
p fixed, to ρa11 · ρ
a3
2 . Define σ1 : [0, 1] → N by σ1(t) = (a1t, a3t). Then σ1 is
a simple closed curve and is homotopic, keeping (0, 0) fixed, to ρa11 · ρ
a3
2 . By
[8] Theorem 4.1, there is an isotopy of N , keeping (0, 0) fixed, from ψ to a
homeomorphism ψ′′ : N → N such that ψ′′(t, 0) = σ1(t) = ψ′(t, 0) for t ∈ [0, 1].
Define σ2 : [0, 1] → N by σ2(t) = (a2t, a4t). The path t 7→ ψ
′′(0, t) is a
simple closed curve in N based at (0, 0) that only meets σ1 at (0, 0) and is
homotopic, keeping σ1 fixed, to σ2. By Theorem 3.3, there is an isotopy of
N , keeping σ1 fixed, from ψ
′′ to a homeomorphism ψ′′′ : N → N such that
ψ′′′(0, t) = σ2(t) = ψ
′(t) for t ∈ [0, 1].
Finally, Theorem 3.1 shows that ψ′′′ is isotopic to ψ′ keeping σ1 and σ2
fixed.
20
Corollary 5.15. Suppose that M is fibred over a torus N with monodromy
ω : N → N . Express N as R2/∼, where (a, b) ∼ (a+m, b+m′) for m,m′ ∈ Z
and a, b ∈ R, and let A be the matrix given by Lemma 5.14. Express M as
(N × [0, 1])/∼ω, where (x, 1) ∼ω (ω(x), 0) for x ∈ N . In addition, assume that
p = (0, 0, 0). Define ρ1, ρ2, ρω : [0, 1]→M by, for t ∈ [0, 1],
ρ1(t) = (t, 0, 0), ρ2(t) = (0, t, 0), ρω(t) = (0, 0, t).
If ρm3ω · ρ
m2
2 · ρ
m1
1 ∈ ker(ΦM ) for some m1,m2,m3 ∈ Z then A
m3 = 1.
Conversely, if Am3 = 1 for some m3 ∈ Z then ρm3ω ∈ ker(ΦM ).
In addition, given m1,m2 ∈ Z, σ
m2
2 · σ
m1
1 ∈ ker(ΦM ) if and only if (m1,m2)
is an eigenvector of A with eigenvalue 1.
Proof. By Lemma 5.5, we may assume that ω(a, b) = A(a, b) for a, b ∈ R.
Therefore, for m ∈ Z, ωm is the identity if and only if Am = 1. Lemmas 5.8
and 5.6 give the first two conclusions.
Suppose ρm22 · ρ
m1
1 ∈ ker(ΦM ) for some m1,m2 ∈ Z. By Lemma 5.8, ω(ρ
m2
2 ·
ρm11 ) is homotopic to ρ
m2
2 · ρ
m1
1 in N keeping (0, 0) fixed. On the other hand,
ω(ρm22 ·ρ
m1
1 ) is homotopic to ρ
m′
2
2 ·ρ
m′
1
1 where (m
′
1,m
′
2) = A(m1,m2). Therefore
(m′1,m
′
2) = (m1,m2) and (m1,m2) is an eigenvector of A with eigenvalue 1.
Suppose instead that (m1,m2) is an eigenvector of A with eigenvalue 1 for
somem1,m2 ∈ Z. Define HN : N×[0, 1]→ N by HN (a, b, t) = (a+m1t, b+m2t)
for a, b ∈ R and t ∈ [0, 1]. Further define H : M × [0, 1] → M by H(a, b, s, t) =
(HN (a, b, t), s) for a, b ∈ R, s ∈ [0, 1) and t ∈ [0, 1]. For a, b ∈ R and t ∈ [0, 1],
H(a, b, 1, t) = (a+m1t, b+m2t, 1)
∼ (A(a+m1t, b+m2t), 0)
= (A(a, b) + t(m1,m2), 0)
= (HN (A(a, b), t), 0)
= H(ω(a, b), 0, t).
Hence H is well-defined. In addition, for a, b ∈ R and s ∈ [0, 1),
H(a, b, s, 1) = (HN (a, b, 1), s) = (a+m1, b+m2, s).
Thus H is an isotopy from the identity on M to itself. Define ρ : [0, 1]→M by
ρ(t) = H(0, 0, 0, t) for t ∈ [0, 1]. Then ρ ∈ ker(ΦM ). Since, for t ∈ [0, 1],
ρ(t) = (HN (0, 0, t), 0) = (m1t,m2t, 0),
ρ is homotopic in N , keeping (0, 0) fixed, to ρm22 · ρ
m1
1 . Therefore ρ
m2
2 · ρ
m1
1 ∈
ker(ΦM ).
Corollary 5.16. Suppose that M is fibred over a torus N with monodromy
ω : N → N . Express N as R2/∼, where (a, b) ∼ (a +m, b +m′) for a, b ∈ R
and m,m′ ∈ Z. Assume that ω(a, b) = A(a, b) for a, b ∈ R, where A ∈ SL2(Z).
Then there is an exact sequence
1→ K → pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1,
where K is as follows.
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• If A is the identity matrix then K = Z3.
• If A is not the identity matrix but tr(A) = 2 then K = Z.
• If −A is the identity matrix then K = Z.
• If tr(A) ∈ {0,±1} then K = Z.
• Otherwise K = 1.
6 Non-fibred 3–manifolds
Proposition 6.1. Suppose M is a 3–manifold, that ∂M 6= ∅, and that at least
one component of ∂M is neither a torus nor a Klein bottle. Then there is an
exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. Let S be a boundary component ofM that is neither a torus nor a Klein
bottle. Then S is a closed, connected surface with χ(S) 6= 0. Let ρ be a simple
closed curve in int(M) based at p such that ρ ∈ ker(ΦM ). Then there is an
isotopy H : (M × [0, 1], ∂M× [0, 1])→ (M,∂M) from the identity onM to itself
that can be used to define ΦM (ρ).
Pick a point p′ on S. Let HS : (S × [0, 1], ∂S × [0, 1]) → (S, ∂S) be the
restriction of H to S. Then HS gives an isotopy of S from the identity to
itself. Let ρ′ : [0, 1] → S be the path followed by p′ under HS . Then HS
can be used to define ΦS(ρ
′) on S. By Proposition 5.4, this means ρ′ is null-
homotopic in S. Lemma 4.6 therefore says that ρ is null-homotopic inM . Hence
ker(ΦM ) ∼= 1.
Lemma 6.2 ([28] Lemma 7.4). Let M ′ be a closed, irreducible 3–manifold, and
let R ⊆M ′ be an incompressible surface. Let ψ : M ′ →M ′ be a homeomorphism
with ψ(R) = R. If ψ is homotopic to the identity then ψ does not switch the
sides of R.
Imitating the proof of Lemma 6.2 gives the following.
Lemma 6.3. Let S be a separating 2–sphere in a compact, connected 3–manifold
M ′ other than a 3–sphere. Let ψ : M ′ → M ′ be a homeomorphism such that
ψ(S) = S. Suppose that ψ is isotopic to the identity. Then ψ does not switch
the sides of S.
Proof. Let M1 and M2 be the two pieces into which S divides M
′. That is, M1
and M2 are the closures of the two components of M
′ \ S. First suppose that
∂M1 \ S 6= ∅. Since any isotopy of M ′ keeps ∂M ′ invariant, ψ(∂M1 \ S) ⊆M1.
Hence ψ does not switch the sides of S. Suppose next that M1 is a 3–ball. As
M ′ is not S3, this means M2 is not a 3–ball. Thus, since M1 ≇ M2, again ψ
cannot switch the sides of S.
Now assume that M1 and M2 each have no boundary other than S, and
that neither is a 3–ball. By the Poincare´ Conjecture this means that pi1(M1) ≇
1 ≇ pi1(M2). Let p′ be a point on S. Then pi1(M ′, p′) ∼= pi1(M1, p′) ∗ pi1(M2, p′).
If ψ switches M1 and M2, there is an inner automorphism of pi1(M
′, p′) (given
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by the path travelled by p′ under the isotopy) that interchanges pi1(M1, p
′) and
pi1(M2, p
′). Express the corresponding element as x1 · y1 · · ·xm · ym, where xi ∈
pi1(M1, p
′) and yi ∈ pi1(M2, p
′) for 1 ≤ i ≤ m, and xi+1 6= 1 6= yi for 1 ≤ i < m.
Without loss of generality we may assume that x1 6= 1. Let y ∈ pi1(M2, p) \ {1}.
Then by assumption (x1 ·y1 · · ·xm ·ym)−1·y·(x1 ·y1 · · ·xm ·ym) ∈ pi1(M1, p′). This
is a contradiction, since y−1m ·x
−1
m · · · y
−1
1 ·x
−1
1 · y ·x1 · y1 · · ·xm · ym /∈ pi1(M1, p
′).
Therefore ψ does not switch the sides of S.
The following lemma follows from the proof of [20] Theorem 1.1 together
with the Poincare´ Conjecture.
Lemma 6.4. Let M ′ be a 3–manifold, and let S1 and S2 be 2–spheres disjointly
embedded in M ′. If S1 is homotopically trivial then it bounds a 3–ball. If neither
S1 nor S2 bounds a 3–ball but they are homotopic, then they co-bound a manifold
homeomorphic to S2 × [0, 1].
Remark 6.5. Together with the Sphere Theorem (see, for example, [15] The-
orem 4.3), this implies that an orientable 3–manifold M ′ is irreducible if and
only if pi2(M
′) ∼= 1. Since pi2(M˜ ′) = pi2(M ′) for any cover M˜ ′ of M ′ (see, for
example, [13] Proposition 4.1), this implies that M˜ ′ is irreducible if and only if
M ′ is.
Theorem 6.6 ([27] Corollary 1). If S2 × S1 is a covering space of a manifold
M ′ then M ′ is either S2 × S1, S2×˜S1, RP 2 × S1 or RP 3#RP 3.
Proposition 6.7. Suppose M is a 3–manifold and contains an essential sepa-
rating 2–sphere. Assume M is not RP 3#RP 3. Then there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. Let S be an essential separating 2–sphere in M , and isotope S in M so
that p lies on S. Suppose that ker(Φ) ≇ 1. Let ρ : [0, 1] → M be a loop based
at p such that ρ ∈ ker(Φ) \ {1}. Homotope ρ, keeping its endpoints fixed, to
be in general position with respect to S and to have minimal intersection with
S. Further homotope ρ so that it only meets S at p. Then the points where ρ
meets S divide it into loops ρ1, . . . , ρm based at p. Since |ρ ∩ S| is minimal, for
1 ≤ i ≤ j ≤ m the loop ρi · · · ρj is not null-homotopic in M .
Let (M˜, p˜) be the universal cover of (M,p). Let S˜ be the lift of S containing
p˜, and let ρ˜ : [0, 1] → M˜ be the lift of ρ that begins at p˜. Because no sub-loop
of ρ is null-homotopic, ρ˜ does not meet any lift of S more than once. Let S˜′ be
the lift of S containing ρ˜(1). Then S˜′ is distinct from S˜.
Since ρ ∈ ker(Φ), there is an isotopyHρ : (M×[0, 1], ∂M×[0, 1])→ (M,∂M)
from the identity on M to itself that can be used to define φρ. This lifts to an
isotopy of M˜ that takes S˜ to S˜′.
Lemma 6.4 shows that S˜ and S˜′ together bound a manifold N ∼= S2 × [0, 1]
in M˜ . As ρ˜ connects the two boundary components of N , and M˜ is simply
connected, N contains ρ˜. Every lift of S that ρ˜ passes through therefore lies in
N , and together these divide N into m copies of S2 × [0, 1].
Suppose m > 1. Then ρ1 · ρ2 forms a closed curve in M that meets S
transversely twice. The lift of ρ1 · ρ2 to M˜ ends on a lift S˜2 of S contained in
N . Thus S˜ and S˜2 also bound a manifold homeomorphic to S2 × [0, 1]. Let
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G2 be the cyclic subgroup of pi1(M,p) generated by ρ1 · ρ2. Quotienting M˜ by
the action of G2 glues together S˜ and S˜2, giving a manifold homeomorphic to
S2×S1. HenceM is a quotient of S2×S1, and Theorem 6.6 applies. Recall that
by assumption M is not RP 3#RP 3, and also M is not prime. Both S2 × S1
and S2×˜S1 are prime (see [15] 3.12). Since pi1(RP 2 × S1) ∼= Z2 × Z, which is
abelian and therefore not a non-trivial free product, RP 2×S1 is also prime (see
[15] 3.11 and note that the Poincare´ conjecture shows that there are no fake
3–balls). Thus this case cannot occur.
Now suppose that m = 1. Let M1 and M2 be the closures of the two
components of M \ S. Then, under the covering map, N projects to either
M1 or M2. Without loss of generality, assume this is M1. By doubling N
along its boundary to S2 × S1, we may therefore define a covering map from
S2 × S1 to M1#M1. Again applying Theorem 6.6 we find that M1#M1 is
homeomorphic to RP 3#RP 3. Because RP 3 is prime, by [15] Theorem 3.21
this means that M1 ∼= RP 3. Therefore we know that ρ is the only non-trivial
element of pi1(M1, p), which has order 2.
Every element of pi1(M,p) can be expressed as ρ
ε1 · (σ1 · ρ) · · · (σr · ρ) · ρε2 ,
where r ∈ Z≥0, σi ∈ pi1(M2, p)\{1}, and ε1, ε2 ∈ {0, 1}. Let G1 be the subgroup
of pi1(M,p) consisting of elements for which r + ε1 + ε2 is even. Then G1 has
index 2 in pi1(M,p), with {1, ρ} as a set of coset representatives. In particular,
ρ /∈ G1.
Let (M̂, p̂) be the double cover of (M,p) with pi1(M̂, p̂) ∼= G1. Let Ŝ be the
lift of S containing p̂. Let Ŝ′ be the other lift of S and p̂′ the lift of p in Ŝ′.
As before we find that Ŝ and Ŝ′ are homotopic in M̂ and so bound a manifold
N̂ ∼= S2 × [0, 1].
Let ρ̂ be the lift of ρ that begins at p̂. If ρ̂ is not contained in N̂ then N̂
projects onto M2 and we again find thatM ∼= RP 3#RP 3. Assume instead that
ρ̂ is contained in N̂ . Suppose M̂ \ N̂ is connected. Then there is a path σ̂ in
M̂ \ N̂ connecting p̂′ to p̂. This projects to a loop σ in M2 based at p. Then
ρ · σ /∈ G1. This contradicts that ρ̂ · σ̂ forms a closed loop in M̂ . Hence M̂ \ N̂
has two components, and Ŝ is separating in M̂ .
As before, Hρ lifts to an isotopy of M̂ from the identity to a map ψ : M̂ → M̂ .
Moreover, ψ(Ŝ) = Ŝ′, ψ(Ŝ′) = Ŝ and ψ(N̂) = N̂ , since M̂ \ N̂ is disconnected.
Let Ĥ ′ : (M̂ × [0, 1], ∂M̂ × [0, 1]) → (M̂, ∂M̂) be an isotopy that pushes Ŝ′
across the product structure of N̂ to Ŝ. This gives an isotopy from ψ to a map
ψ′ : M̂ → M̂ with ψ′(Ŝ) = Ŝ. By construction, ψ′ switches the sides of Ŝ in M̂ .
However, ψ′ is isotopic to the identity on M̂ , contradicting Lemma 6.3.
Therefore ker(Φ) ∼= 1.
Lemma 6.8. If M = RP 3#RP 3 then there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. Let S be an essential separating 2–sphere in M , and isotope S so that
p lies on S. Let M1 and M2 be the closures of the two components of M \ S.
Recall that pi1(RP 3) ∼= Z2, so pi1(M,p) ∼= Z2 ∗Z2. Let x and y be simple closed
curves in M1 and M2 respectively based at p such that pi1(M1, p) = {1, x} and
pi1(M2, p) = {1, y}. Then every element of pi1(M,p) can be expressed uniquely
as xε1 · (y · x)r · yε2 for some r ∈ Z≥0 and ε1, ε2 ∈ {0, 1}.
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Let ρ be a loop in M based at p such that ρ ∈ ker(ΦM ) \ {1}. Without loss
of generality, assume ρ = (y · x)rρ · yερ , where either rρ ≥ 1 or ερ = 1.
We now build a finite cover of M . Set m = 2rρ + ερ. Then m > 0. Let N1
and Nm+3 be copies of M1, and let N2, . . . , Nm+2 be copies of S2 × [0, 1]. Note
that S2 × [0, 1] double covers M1. For 1 ≤ i ≤ m + 2, glue Ni to Ni+1 along
one boundary component of each, forming a closed 3–manifold M̂ . Denote by
Si the copy of S2 between Ni and Ni+1 for 1 ≤ i ≤ m+ 2. Let p̂ be the copy of
p in N1. We may define a covering map pi : (M̂, p̂)→ (M,p) by specifying that
Ni covers M1 if i is odd and covers M2 if i is even.
Let ρ̂ : [0, 1] → M̂ be the lift of ρ beginning at p̂. Then ρ̂(1) lies on Sm+1.
Let H : M × [0, 1]→M be an isotopy from the identity on M to itself that can
be used to define ΦM (ρ). This lifts to an isotopy Ĥ : M̂ × [0, 1]→ M̂ from the
identity on M̂ to a covering transformation ψ̂ : M̂ → M̂ . As ψ̂(p̂) = ρ̂(1), we
see that ψ̂(N1) is either Nm+1 (if ερ = 0) or Nm+2 (if ερ = 1). This contradicts
that N0 ∼=M1 ≇ S2 × [0, 1] ∼= Nm+1 ∼= Nm+2.
Hence ker(ΦM ) ∼= 1.
Remark 6.9. Given Proposition 6.1, the proof of Lemma 6.8 could be extended
to give a proof of Proposition 6.7, using that a 3–manifold with a toral boundary
component has a non-trivial fundamental group and that the fundamental group
of a compact 3–manifold is residually finite (see, for example, [2] C.25). However,
the proof of Lemma 6.17 will follow the pattern of that of Proposition 6.7.
Remark 6.10. Suppose M ′ is a connected, orientable, irreducible 3–manifold
with non-empty boundary consisting of tori. ThenM ′ has compressible bound-
ary if and only if M ′ is a solid torus.
Lemma 6.11 ([18] III.8). An orientable surface other than a 2–sphere in an
orientable 3–manifold is incompressible if and only if it is pi1–injective.
Proposition 6.12 ([25] Proposition 4.8). Let M ′ be an orientable, irreducible,
∂–irreducible, Haken 3–manifold. Let R1 and R2 be disjoint, incompressible and
∂–incompressible surfaces, other than 2–spheres, properly embedded in M ′. If
R1 and R2 are isotopic then they co-bound a submanifold of M
′ homeomorphic
to R1 × [0, 1].
Proposition 6.13 ([18] VI.25). Let M ′ be a compact, orientable, Haken 3–
manifold other than a solid torus, and let G be an infinite cyclic normal subgroup
of pi1(M
′). Suppose there exists an orientable, incompressible, ∂–incompressible
surface R properly embedded in M ′ with G ≤ pi1(R). Then R is an annulus or a
torus, andM is homeomorphic to a Seifert fibred manifold via a homeomorphism
taking R to a union of fibres, and G is a subgroup of the infinite cyclic group
generated by the path around a regular fibre.
Proposition 6.14. Suppose M is an orientable, irreducible, ∂–irreducible 3–
manifold. Further assume that M is not fibred, but has non-empty boundary
consisting of tori. Then either there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1,
or M is Seifert fibred and ker(Φ) is generated by a power of a regular fibre.
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Proof. As M is an orientable, irreducible 3–manifold other than a 3–ball, by
[28] Lemma 1.1.6 there exists an oriented, incompressible surface R properly
embedded in M with non-empty boundary that is not null-homologous in ∂M .
Boundary compressing R will not change the homology class of ∂R, so we may
assume R is ∂–incompressible. We may also assume that R is connected.
Let S be a component of ∂M such that R ∩ S is not null-homologous in S.
Suppose some curve of R ∩ S is inessential in S. As R is incompressible, an
innermost such curve bounds a disc component of R. We have assumed that
R is connected, so this implies that ∂R is a single inessential loop in S. This
contradicts that ∂R is not null-homologous in ∂M . Hence every curve of R∩ S
is essential in S. Isotope R so that p lies on R. Fix p′ ∈ R ∩ S, and choose a
path σ in R from p′ to p.
Define θ : pi1(M,p) → Z by taking the algebraic intersection with R. Let
G = ker(θ), and let (M˜, p˜) be the infinite cyclic cover of (M,p) with pi1(M˜, p˜) ∼=
G. By Remark 6.5, M˜ is irreducible. Since ∂M is incompressible in M , using
Lemma 6.11 we see that ∂M˜ is incompressible in M˜ . Let R˜ be the lift of R
containing p˜.
Assume ker(ΦM ) 6= 1, and let ρ be a simple closed curve in int(M) based at
p such that ρ ∈ ker(ΦM ) \ {1}. Then there is an isotopy H : (M × [0, 1], ∂M ×
[0, 1])→ (M,∂M) from the identity to itself that can be used to define ΦM (ρ).
This lifts to an isotopy H˜ : (M˜ × [0, 1], ∂M˜ × [0, 1])→ (M˜, ∂M˜) that begins at
the identity. This isotopy takes R˜ to a lift R˜′ of R.
Suppose that R˜′ 6= R˜. Then, by Proposition 6.12, R˜ and R˜′ bound a sub-
manifold N of M˜ homeomorphic to R × [0, 1]. If N contains any other lift
of R, then each of these also co-bounds with R˜ a manifold homeomorphic to
R × [0, 1] (see [28] Corollary 3.2). By taking the lift of R in N \ R˜ closest to
R˜, we find that M is given by quotienting R × [0, 1] by some homeomorphism
ω : R× {0} → R × {1}. This contradicts that M is not fibred.
Therefore R˜′ = R˜. This means that Lemma 3.5 applies, and we may now
assume that H(R ∩ S, t) = R ∩ S for t ∈ [0, 1]. In particular, the path ρ′ of p′
under H is contained within a single curve of R ∩ S.
Let σ′ : [0, 1] → S be a path with σ′(0) = σ′(1) = p′ that runs once around
the component of R ∩ S containing p′. Then ρ′ is homotopic to (σ′)r for some
r ∈ Z. As in the proof of Lemma 4.6, σ is homotopic relative to its endpoints
to (ρ′)−1 · σ · ρ, and so
ρ ≃ σ−1 · ρ′ · σ ≃ σ−1 · (σ′)r · σ.
We therefore conclude that ker(ΦM ) ≤ pi1(R, p), and either ker(ΦM ) ∼= 1 or
ker(ΦM ) ∼= Z. If ker(ΦM ) ∼= 1 then there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Now assume ker(ΦM ) ∼= Z. Note that ker(ΦM ) E pi1(M,p), and M is Haken
and not a solid torus. By Proposition 6.13, R is an annulus and M is Seifert
fibred with ker(ΦM ) a subgroup of the infinite cyclic group generated by the
path around a regular fibre.
Lemma 6.15. Suppose M is an orientable 3–manifold and is Seifert fibred with
orientable base space. Let ρ : [0, 1]→ int(M) be a loop based at p that runs once
around a regular fibre. Then ρ ∈ ker(ΦM ).
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Proof. Suppose that M is Seifert fibred with base orbifold a compact, con-
nected, orientable surface N , and with m exceptional fibres with coefficients
(r1, s1), . . . , (rm, sm). The idea of this proof is similar to that of Lemma 5.6.
We isotope each point on a regular fibre once around that fibre. However, to
achieve a continuous map we must isotope each point on an exceptional fibre
around the fibre ri times.
By an isotopy we may assume that p lies on a regular fibre. Let M ′ be
the manifold obtained from M by removing an open fibred neighbourhood of
each exceptional fibre. Let N ′ be the orientable surface obtained from N by
removing m open discs. ThenM ′ is an S1–bundle over N ′. As M ′ is orientable,
in fact M ′ ∼= N ′ × S1. Express M ′ as (N ′ × [0, 1])/∼N ′, where (x, 0) ∼N ′ (x, 1)
for x ∈ N ′, such that each fibre is of the form x× [0, 1] for some x ∈ N ′.
Define H ′ : (M ′ × [0, 1], ∂M ′ × [0, 1])→ (M ′, ∂M ′) by, for x ∈ N ′, s ∈ [0, 1)
and t ∈ [0, 1],
H ′(x, s, t) =
{
(x, s+ t) s+ t < 1,
(x, s+ t− 1) s+ t ≥ 1.
Then H ′ is an isotopy from the identity onM ′ to itself that takes p once around
a regular fibre of M . We wish to extend H ′ to an isotopy of M .
Consider the ith exceptional fibre of M , for 1 ≤ i ≤ m. Let N i be the
closure of the fibred neighbourhood of this fibre that was removed from M to
give M ′. Then N i is homeomorphic to (S × [0, 1])/ ∼i, where S is a disc,
ωi : (S, ∂S) → (S, ∂S) is rotation by 2pisi/ri and (x, 1) ∼i (ωi(x), 0) for x ∈ S.
The product structure of M ′ carries over to ∂N i, so that ∂N i ∼= R2/∼, where
(a +m1, b +m1) ∼ (a, b) for a, b ∈ R and m1,m2 ∈ Z, and each fibre is of the
form {a} × R for some a ∈ R. Let Hi be the restriction of H ′ to ∂N i. Then
Hi(a, b, t) = (a, b+ t) for a, b ∈ [0, 1) and t ∈ [0, 1].
Define σi : [0, 1]→ ∂N i by σi(t) = (sit, rit) for t ∈ [0, 1]. Then σ is a simple
closed curve in ∂N i and bounds a disc in N i (note that here sign conventions
are of no concern as they will not play a part in the proof). We may assume
that this disc is S. The fibres of R2/ ∼ match up with the Seifert fibres of
(S × [0, 1])/∼i in such a way that each fibre of R2/∼ is the union of ri arcs of
the form {x} × [0, 1) in (S × [0, 1])/∼i. It is now clear that we may extend Hi
to an isotopy of N i from the identity to itself. This isotopy takes each point of
(S × [0, 1])/∼i around ri of these arcs. Away from the exceptional fibre of M ,
the ri arcs are distinct, but for the exceptional fibre these are all the central arc
of (S × [0, 1])/∼i.
After extending H ′ to N 1, . . . ,Nm in this way, we have an isotopy ofM from
the identity to itself that takes p once around a regular fibre, as required.
Theorem 6.16 ([24] Theorem 1.1). LetM ′ be a compact, connected 3–manifold,
and let R be a connected, pi1–injective surface properly embedded in M
′. Then
pi1(R) is separable in pi1(M
′). That is, pi1(R) equals the intersection of the finite
index subgroups of pi1(M
′) containing it.
Lemma 6.17. Suppose that M is a closed, orientable, irreducible 3–manifold
containing an embedded, orientable, connected, incompressible surface R (with
positive genus). Then either ker(Φ) E pi1(R) or M is finitely covered by an
R–bundle over S1.
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Proof. Isotope R so that p lies on R. As R is incompressible, pi1(R, p) ≤
pi1(M,p). Suppose ker(ΦM )  pi1(R, p), and let ρ be a simple closed curve
in M based at p such that ρ ∈ ker(ΦM ) \ pi1(R, p). We may choose ρ to be
transverse to R. By Theorem 6.16, there exists a group G ≤ pi1(M,p) of finite
index with pi1(R, p) ≤ G and ρ /∈ G. Let (M̂, p̂) be the finite-sheeted cover
of (M,p) with pi(pi1(M̂, p̂)) = G, where pi : M̂ → M is the covering map. In
addition, let ρ̂ be the lift of ρ beginning at p̂ and let R̂ be the component of
pi−1(R) containing p̂. As pi1(R, p) ≤ G, R̂ is a lift of R.
Suppose that ρ̂(1) ∈ R̂. Then there is a path ρ̂′ in R̂ from ρ̂(1) to p̂. This
path projects to a loop ρ′ in R based at p. Since ρ̂ · ρ̂′ is a loop in M̂ , ρ · ρ′ ∈ G.
However, since ρ′ ∈ G, this contradicts that ρ /∈ G. Hence ρ̂(1) /∈ R̂. Let R̂′ be
the component of pi−1(R) containing ρ̂(1). As ρ ∈ ker(ΦM ), there is an isotopy
H : M × [0, 1] → M from the identity to itself that can be used to define φρ.
This lifts to an isotopy Ĥ : M̂ × [0, 1] → M̂ that begins at the identity. This
isotopy takes R̂ to R̂′. Therefore R̂′ is a lift of R.
Choose ε > 0 such that (ρ(0, ε) ∪ ρ(1 − ε, 1)) ∩ R = ∅. Remark 6.5 tells us
that M̂ is irreducible, since M is. By Lemma 6.11, R is pi1–injective in M . As
pi1(R, p) ≤ G, we see that R̂, and so also R̂
′, is pi1–injective and hence incom-
pressible. By Proposition 6.12, R̂ and R̂′ bound a manifold N homeomorphic to
R× [0, 1]. Let Ĥ ′ : M̂ × [0, 1]→ M̂ be an isotopy that pushes R̂′ across N to R̂.
Then the isotopy given by doing first Ĥ and then Ĥ ′ ends at a map ψ̂ : M̂ → M̂
with ψ̂(R̂) = R̂. By Lemma 6.2, ψ does not switch the sides of R̂. This tells us
that ρ̂(0, ε) and ρ̂(1 − ε, 1) either both lie in N or both lie outside of N , as ρ
crosses R transversely at p. From this we see thatM is a quotient of a manifold
obtained from N by gluing R × {0} to R× {1} by some homeomorphism.
Theorem 6.18 ([15] Theorem 10.6). Let M ′ be a closed, orientable 3–manifold.
Then there does not exists a finite index subgroup G of pi1(M
′) such that G is
isomorphic to the fundamental group of a closed surface other than S2 or RP 2.
Theorem 6.19 ([15] Theorem 11.1). Let M ′ be a closed, orientable 3–manifold.
Suppose G is a finitely generated normal subgroup of pi1(M
′) of infinite index,
with G ≇ Z. Then there is a closed surface R in M ′ such that G is a finite index
subgroup of pi1(R) and either M
′ is an R–bundle over S1 or M ′ is the union of
two twisted [0, 1]–bundles whose intersection, R, is the {0, 1}–bundle of each.
Proposition 6.20. Suppose M is a closed, orientable, irreducible 3–manifold
containing an embedded, incompressible torus R. Then one of the following
holds.
• ker(Φ) ∼= 1 and there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
• M is finitely covered by an R–bundle over S1.
• M is Seifert fibred and ker(Φ) ∼= Z is generated by a power of a regular
fibre.
Proof. Suppose M is not finitely covered by an R–bundle over S1. Then, by
Lemma 6.17, ker(Φ) E pi1(R) ∼= Z2. In particular, ker(Φ) is finitely generated.
Assume ker(Φ) ≇ 1.
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If ker(Φ) ∼= Z then, by Proposition 6.13, M is Seifert fibred and ker(Φ) is a
subgroup of the infinite cyclic group generated by a regular fibre.
Now assume that ker(Φ) ∼= Z2. Suppose ker(Φ) has finite index in pi1(M).
Then pi1(R) also has finite index in pi1(M). By Theorem 6.18, this cannot be
the case. Hence ker(Φ) has infinite index in pi1(M). Therefore Theorem 6.19
applies. Let R′ be the surface given by Theorem 6.19. As R′ is 2–sided in M ,
it must be orientable. Given that ker(Φ) is a finite index subgroup of pi1(M),
we see that R′ is a torus. We have assumed that M is not fibred with fibre a
torus, so M is formed from two twisted [0, 1]–bundles over a third surface R′′.
Again using that M is orientable, we find that R′′ is non-orientable. Since it is
double-covered by R′, this implies that R′′ is a Klein bottle. Then M is also
fibred over S1 with fibre a torus (see [18] VI.15c).
Theorem 6.21 ([14] Theorem 1). A closed, orientable, irreducible Seifert fibred
3–manifold with infinite fundametal group is finitely covered by an S1–bundle
over a closed, orientable surface with genus at least 1.
Lemma 6.22. Suppose that M is an orientable Seifert fibred 3–manifold with
base space a 2–sphere and three exceptional fibres. Then either pi1(M) is finite
or M is finitely covered by a manifold satisfying Proposition 6.20.
Proof. Assume that pi1(M) is not finite. Note that M is irreducible (see for
example [18] VI.7). By Theorem 6.21, M is finitely covered by a manifold M̂
that is an S1–bundle over a closed, orientable surface N with genus at least 1.
That is, M̂ is Seifert fibred over N with no exceptional fibres. Taking the S1–
bundle over an essential simple closed curve in N gives an incompressible torus
in M̂ . In addition, M̂ is closed, orientable and irreducible. Thus it satisfies
Proposition 6.20.
7 Conclusions
Theorem 7.1 ([12] Corollaries 8.3, 8.6). Let M ′ be a compact, orientable,
irreducible 3–manifold with infinite fundamental group. Then M is Seifert fi-
bred if and only if pi1(M
′) contains a cyclic normal subgroup. If there exists
G ≤ pi1(M ′) such that G ∼= Z2, then M ′ either is Seifert fibred or contains an
embedded, pi1–injective torus.
Theorem 7.2. If M is a compact, connected 3–manifold then there is a finitely
generated group K, a finite group J and a group L ≤ Z3 such that there are
exact sequences
1→ L→ K → J → 1
and
1→ K → pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1.
Proof. We will show that M is finitely covered by a manifold M ′′ for which
ker(ΦM ′′ ) is isomorphic to a subgroup of Z3. Then Theorem 7.2 will follow
from Lemma 5.3. With this aim, we may take finite covers of M as necessary.
In particular, we may assume that M is orientable.
If M has a boundary component that is not a torus then Proposition 6.1
shows that ker(ΦM ) ∼= 1. Suppose that every component of ∂M is a torus. If
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M is not prime, it contains a separating 2–sphere. Then Proposition 6.7 and
Lemma 6.8 together imply that ker(ΦM ) ∼= 1. If M is prime but not irreducible
then M ∼= S2 × S1 (see, for example, [15] Lemma 3.3), and Corollary 5.13
gives that ker(ΦM ) = pi1(M,p) ∼= Z. Therefore we may now assume that M
is irreducible. If M has compressible boundary, then M is a solid torus, as
noted in Remark 6.10. Corollary 5.13 again says that in this case ker(ΦM ) =
pi1(M,p) ∼= Z. Hence we may also assume that M is ∂–irreducible.
Suppose first that M is not fibred over S1. If ∂M 6= ∅ and ker(ΦM ) ≇ 1
then, by Proposition 6.14, M is Seifert fibred and ker(ΦM ) ∼= Z. Suppose
instead that M is closed. If pi1(M,p) is finite, by the Elliptization Theorem,
M is a spherical manifold and is finitely covered by S3 (see [2] Theorem 1.12).
Note that if M ∼= S3 then ker(ΦM ) = pi1(M,p) ∼= 1. Further suppose, therefore,
that pi1(M,p) is infinite.
IfM contains an incompressible torus and ker(ΦM ) ∼= 1 then, by Proposition
6.20, either M is Seifert fibred with ker(ΦM ) ∼= Z, or M has a finite cover that
is a torus bundle over S1.
Suppose M does not contain an embedded incompressible torus, but there
exists a map f : S1 × S1 → M such that the induced map f∗ : pi1(S1 × S1) →
pi1(M) is injective. By Theorem 7.1, M is then Seifert fibred. From the absence
of any embedded incompressible tori in M , it follows that M is Seifert fibred
over a sphere with at most three exceptional fibres or over RP 2 with at most one
exceptional fibre (see, for example, [18] VI.7). On the other hand, the existence
of such a map f implies that the surface is a sphere and there must be at least
three exceptional fibres. Since we have assumed that pi1(M,p) is infinite, Lemma
6.22 and Proposition 6.20 together give thatM is finitely covered by a manifold
M ′ such that either ker(ΦM ′ ) ≤ Z or M ′ is a torus bundle over S1.
Hence we can further assume that M is atoroidal. The Hyperbolization
Theorem says thatM is hyperbolic with finite volume (see [2] Theorem 1.13). By
the Virtual Fibering Conjecture ([1] Theorem 9.2; see also [10]), M is therefore
finitely covered by a manifold fibred over S1.
It only remains to consider the case that M is fibred over S1. Denote by
N the base space, and ω : (N, ∂N) → (N, ∂N) the monodromy. If ωm is not
isotopic to the identity on N for any m ∈ Z \ {0} then, by Corollary 5.10,
ker(ΦM ) is isomorphic to a subgroup of Z2 (in fact ker(ΦM ) ∼= 1 unless N is a
torus). Suppose instead that there exists m ∈ Z \ {0} such that ωm is isotopic
to the identity on N . Then M has a |m|–fold cover that is fibred over N with
monodromy ωm. We may therefore assume that in fact ω is isotopic to the
identity. By Proposition 5.11, it then follows that ker(ΦM ) ∼= ker(ΦN ) × Z. If
χ(N) 6= 0 then Proposition 5.4 shows that ker(ΦN ) ∼= 1. Corollary 5.12 gives
that if χ(N) = 0 then either ker(ΦN ) ∼= Z or ker(ΦN ) ∼= Z2.
Theorem 7.3 ([15] Corollary 9.9). Let M ′ be a prime, orientable 3–manifold
with pi1(M
′) infinite. Then pi1(M
′) contains no finite order elements.
Theorem 7.4 ([18] VI.29). Let M be a compact, connected, orientable, Haken
3–manifold, and let M̂ be a finite cover of M . Then M is a Seifert fibred
manifold if and only if M̂ is.
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Corollary 7.5. Suppose M is a compact, orientable 3–manifold. Then either
there is an exact sequence
1→ pi1(M,p)→ Mod(Mp)→ Mod(M)→ 1
or M is prime and Seifert fibred. In particular, if M is hyperbolic with finite
volume then the exact sequence holds.
Proof. Assume that the given exact sequence does not hold. That is, assume
that ker(ΦM ) ≇ 1. From the proof of Theorem 7.2, we know that M is prime,
all boundary components of M are tori, and one of the following holds.
(a) M ∼= S2 × S1.
(b) M is a solid torus.
(c) M is Seifert fibred with non-empty boundary.
(d) M is a closed, spherical manifold.
(e) M is closed, contains an incompressible torus, and is Seifert fibred.
(f) M is irreducible and closed, contains an incompressible torus, and is
finitely covered by a torus bundle over S1.
(g) M is Seifert fibred over a sphere with three exceptional fibres.
(h) M is closed, hyperbolic, and finitely covered by a surface bundle over S1.
(i) M is a torus bundle over S1 with non-periodic monodromy.
(j) M is a surface bundle over S1 with periodic monodromy.
Spherical manifolds are Seifert fibred (see [2] p13 or [23] Theorem 5). Therefore,
if we further assume thatM is not Seifert fibred then we can rule out possibilities
(a)–(e) and (g).
Suppose that case (h) holds. Since M is hyperbolic with finite volume,
every cover of M is also hyperbolic with finite volume, and therefore is not
Seifert fibred (see, for example, [26] Theorems 4.7.8 and 4.7.10) and does not
contain an essential torus. Thus M is finitely covered by an N–bundle M̂ for
some closed surface N other than a torus. If the monodromy is not periodic then
Corollary 5.10 shows that ker(Φ
M̂
) ∼= 1, and so Lemma 5.3 says that ker(ΦM )
is finite. However, by Theorem 7.3 there are no finite non-trivial subgroups of
pi1(M). Thus ker(ΦM ) ∼= 1. On the other hand, if the monodromy is periodic
then M is also finitely covered by N × S1. This contradicts that no cover of M
is Seifert fibred, so this cannot occur.
Suppose next that case (j) holds. Suppose that M is an N–bundle for a
compact surface N , with monodromy ω : (N, ∂N) → (N, ∂N), and that ωm is
isotopic to the identity on N for some m 6= 0. Then pi1(M) is an HNN extension
of pi1(N). By direct calculation we find that the mth power of the stable letter
generates an infinite cyclic normal subgroup of pi1(M). Theorem 7.1 shows that,
again, M is Seifert fibred.
Finally, suppose that case (f) holds. Let M̂ be a finite cover of M that is
a torus bundle over S1. From Corollary 5.16 we see that either ker(Φ
M̂
) ∼= 1,
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ker(Φ
M̂
) ∼= Z or M̂ is the 3–torus. In the first case Lemma 5.3 and Theorem 7.3
again combine to show that ker(ΦM ) ∼= 1, contradicting our opening assumption.
In the third case pi1(M̂) ∼= Z3. Using Theorem 7.1, we therefore find that M̂ is
Seifert fibred. Theorem 7.4 gives that M is also Seifert fibred.
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